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4 Lqwurgxfwlrq
D fdvxdo revhuydwlrq ri doprvw dq| pdunhw zloo uhyhdo wkdw upv frpshwh
rq wkh edvlv ri txdolw| dv pxfk dv rq sulfh/ dqg wkdw riwhq kljk sulfhv duh
mxvwlhg e| fodlpv ri kljk txdolw|1 Hduo| frqwulexwlrqv wr wkh odujh hfrqrplf
olwhudwxuh ri txdolw| prghov iroorzhg d vhuylfhv dssurdfk/ vhh ^53`1 Dffrug0
lqj wr wklv dssurdfk/ d kljkhu txdolw| jrrg phuho| hperglhg pruh vhuylfhv1
Wkxv/ d oljkw exoe zklfk odvwhg 2ff krxuv zdv vhhq dv ehlqj wzlfh wkh txdo0
lw| ri rqh zklfk odvwhg rqo| ff krxuv14 Odwhu zrun lqwhusuhwv txdolw| pruh
jhqhudoo| dv dq|wklqj wkdw zrxog lqgxfh frqvxphuv wr sd| pruh1 D ydulhw|
ri dssolfdwlrqv kdyh ehhq ghyhorshg wr h{soruh lvvxhv vxfk dv wkh hhfw ri
uhjxodwlrq rq txdolw|/ vhh ^4;` dqg ^47`/ sulfh glvfulplqdwlrq e| d prqrsrolvw
lq wkh suhvhqfh ri lqirupdwlrq sureohpv/ vhh ^43`/ dqg wkh srvvlelolw| ri whfk0
qrorjlfdo frqglwlrqv uhvxowlqj lq qdwxudo roljrsrolhv xvlqj prghov ri yhuwlfdo
surgxfw glhuhqwldwlrq dv lq ^46`1
Lq doo wkhvh prghov/ frqvxphuv fkrrvh wr ex| rqh surgxfw ru dqrwkhu1 Lq
frqwudvw wr wklv/ zh orrn dw d qhz prgho ri txdolw| zklfk glhuv iurp wkh
h{lvwlqj prghov lq d qxpehu ri zd|v1 Zh dvvxph wkdw d frqvxphu sxufkdvhv
d surgxfw nqrzlqj wkdw lw pd| idlo wr gholyhu1 Li wkh surgxfw gholyhuv/
wkh frqvxphu ohdyhv wkh pdunhw zlwk zkdwhyhu sd|r wkh surgxfw |lhogv1
Li lw grhv qrw gholyhu/ wkh fxvwrphu jhwv qrwklqj5 dqg pd| zlvk wr uhhqwhu
wkh pdunhw wr fkrrvh dqrwkhu surgxfw1 Wklv srvvlelolw| ri uhvdpsolqj lv wkh
sulpdu| glhuhqfh ehwzhhq rxu prgho dqg rwkhuv1 Pdq| vlwxdwlrqv kdyh wklv
 dyru1 Iru h{dpsoh/ rqh dxwr uhsdlu vkrs pd| qrw { d sduwlfxodu ghihfw
hhfwlyho| vr wkdw dqrwkhu pd| kdyh wr eh ylvlwhg1 Rqh phglfdo surfhgxuh
pd| eh xqdeoh wr fxuh d sdwlhqw zkloh dqrwkhu dssurdfk pd| vxffhhg16
Vkrhv duh dq h{dpsoh zklfk vhhpv dsshdolqj wr pdq| shrsoh1 D sdlu ri
vkrhv lv uduho| frpiruwdeoh xqwlo lw kdv ehhq surshuo| eurnhq lq1 Rq h{dpl0
qdwlrq rqh jhwv dq lghd ri wkh suredelolw| wkdw d sduwlfxodu sdlu ri vkrhv zloo
gholyhu wkh qhhghg frpiruw ohyho1 Vrph vkrhv vhhp yhu| olnho| wr eh frp0
iruwdeoh/ zkloh rwkhuv vhhp wr kdyh d orzhu suredelolw| ri gholyhulqj frpiruw1
Wklv suredelolw| ri gholyhu| lv zkdw zh fdoo txdolw| lq rxu prgho dqg zh
dvvxph wkdw lw lv frpprq dqg nqrzq wr doo frqvxphuv1 Lw lv srvvleoh wkdw
4Lq wkhvh prghov upv plqlpl}h wkh frvw shu vhuylfh dqg wkhq fkrrvh wkh ohyho ri vhuylfhv
zklfk pd{lpl}h surwv1
5Lq rqjrlqj zrun zh duh h{sorulqj wkh hhfw ri yduldwlrqv rq wklv dvvxpswlrq1
6Gxh wr wkh srvvlelolw| ri uhwxuqlqj wr wkh pdunhw/ wkh ydoxh ri fkrrvlqj d surgxfw
glhuv iurp wkh sd|r wlphv wkh suredelolw|1
4kljk txdolw| vkrhv/ zlwk d kljk suredelolw| ri gholyhulqj/ pd| qrw eh wuxo|
frpiruwdeoh1 Li vkrhv idlo wr gholyhu wkh| duh wrvvhg wr wkh edfn ri wkh forvhw
dqg wkh frqvxphu pd| uhhqwhu wkh pdunhw wr sxufkdvh d glhuhqw eudqg1 Lw
lv dovr srvvleoh wkdw rqh pljkw ex| d orz txdolw| sdlu/ zlwk d orz suredelolw|
ri gholyhulqj/ li wkh sulfh zhuh uljkw$ Hyhq wkrxjk rqh eudqg ri vkrhv pd|
idlo wr gholyhu iru rqh shuvrq/ lw pd| eh d shuihfw w iru vrphrqh hovh1 Lq
hhfw/ zh dvvxph wkdw wkhuh lv vrph xqghuo|lqj khwhurjhqhlw| wkdw fdqqrw eh
nqrzq e| hlwkhu wkh frqvxphu ru wkh surgxfhu1
Lw lv lpsruwdqw wr h{sodlq krz rxu prgho glhuv iurp uhodwhg prghov lq
wkh olwhudwxuh1 Iluvw/ idloxuh lq rxu prgho uhvxowv iurp frqvxphu0surgxfw lq0
frpsdwlelolw| dqg qrw iurp surgxfw ghihfwv1 Lq d prgho zlwk ghihfwv/ rqh
pd| uhylvlw d up krslqj qrw wr uhfhlyh d ghihfwlyh xqlw rq wkh vhfrqg wu|1
Wklv grhv qrw kdsshq lq rxu prgho ehfdxvh rqfh d surgxfw kdv idlohg d frq0
vxphu kh zloo qrw sxufkdvh lw djdlq dv kh kdv douhdg| ghwhuplqhg wkdw lw grhv
qrw zrun iru klp1 Krzhyhu/ d surgxfw zklfk grhv qrw zrun iru rqh frqvxphu
pd| zrun iru dqrwkhu gxh wr wkh xqghuo|lqj xqnqrzdeoh khwhurjhqhlw| zh
dvvxph1 Vhfrqg/ wkhuh lv qr dv|pphwulf lqirupdwlrq ru prudo kd}dug vlqfh
wkh xqghuo|lqj khwhurjhqhlw| ri frqvxphuv lv xqnqrzdeoh e| erwk frqvxphuv
dqg surgxfhuv dqg wkhuh lv qr zd| wkdw wkh frqvxphu fdq dhfw wkh sure0
delolw| ri idloxuh1 Wklug/ dv rxu prgho lv d vwdwlf rqh wkhuh duh qr lvvxhv ri
ohduqlqj ru ri vwudwhjlf h{shulphqwdwlrq1 Lq dgglwlrq/ wkhuh duh qr vljqdoolqj
lvvxhv dv wkh suredelolw| ri vxffhvv lv nqrzq1 Jrrgv lq rxu prgho duh qrw
w|slfdo h{shulhqfh jrrgv1 H{shulhqfh jrrgv/ zkrvh fkdudfwhulvwlfv duh nqrzq
rqo| diwhu wkh| duh wulhg/ duh riwhq xvhg wr h{sodlq zk| frqvxphuv uhpdlq
or|do wr d nqrzq eudqg dqg duh uhoxfwdqw wr vzlwfk wr dq xqnqrzq surgxfw
zklfk pd| qrw shuirup dv zhoo1 Prvw vxfk prghov frqwdlq vrph lpsolflw ru
h{solflw g|qdplfv zklfk prwlydwh wkh lqwhusuhwdwlrq ri frqvxphu or|dow|1
Zh ghyhors rxu lghdv lq d vlpsoh vhwwlqj17 Zh dvvxph wkdw hdfk up
pdnhv rqo| rqh surgxfw1 Zh dovr dvvxph wkdw doo upv dqg doo frqvxphuv
duh h{ dqwh lghqwlfdo zklfk holplqdwhv wkh xvxdo uhdvrqv iru surgxfw glhu0
hqwldwlrq1 Lq dgglwlrq zh dvvxph wkdw frqvxphuv fdq rqo| xvh rqh xqlw ri
d jrrg/ exw wkh| pd| uhhqwhu wkh pdunhw li suhylrxv sxufkdvhv kdyh qrw gh0
olyhuhg1 Wklv uhvxowv lq d shuihfwo| lqhodvwlf ghpdqg fxuyh iru wkh frqvxphu
dqg holplqdwhv wudglwlrqdo prqrsro| glvwruwlrqv iurp wkh prgho1
Zh prgho d wkuhh vwdjh jdph zkhuh upv uvw fkrrvh zkhwkhu wr hqwhu ru
7Wklv sdshu exlogv rq Nulvkqd dqg Zlqvwrq +4<<;, zklfk rqo| ghdov zlwk wkh wzr up
fdvh1
5qrw/ wkhq lq wkh vhfrqg vwdjh wkh| fkrrvh txdolw|/ dqg lq wkh odvw vwdjh wkh|
fkrrvh sulfh/ jlyhq wkhlu suhylrxv txdolw| fkrlfh1 Rxu prgho kdv d qxpehu
ri lqwhuhvwlqj suhglfwlrqv1
Iluvw/ lw vxjjhvwv wkdw lq htxloleulxp/ d zlghu udqjh ri sulfh shu xqlw ri
txdolw| lv irxqg iru kljk txdolw| jrrgv wkdq iru orz txdolw| jrrgv1 Lw suhglfwv
wkdw zkloh rqh pljkw qg kljk txdolw| surgxfwv rq vdoh dw d orz sulfh shu
xqlw ri txdolw|/ wkh rssrvlwh zloo qrw rffxu1 Lw lv xqolnho| iru orz txdolw|
surgxfwv wr eh vrog dw d kljk sulfh shu xqlw ri txdolw|1
Vhfrqg/ rxu prgho surylghv d wkhruhwlfdo uhdvrq iru zk| kljk txdolw|
qlfkhv pd| eh pruh surwdeoh/ vxssruwlqj wkh frpprq exvlqhvv vfkrro lghd
wkdw wkh prqh| lv dw wkh kljk hqg18 Wkh vwdqgdug uhvsrqvh ri hfrqrplvwv
wr vxfk fodlpv lv wkdw qrw doo uhohydqw frvwv duh dffrxqwhg iru1 Lqyhvwphqwv
lq dgyhuwlvlqj/ uhvhdufk dqg ghyhorsphqw ru fxowlydwlrq ri d or|do fxvwrphu
edvh yld hduo| glvfrxqwlqj/ qrw kljk txdolw| shu vh/ duh vxjjhvwhg dv uhdvrqv
iru kljk fxuuhqw surwv1 Lq idfw/ lq vwdqgdug prghov ri yhuwlfdo surgxfw gli0
ihuhqwldwlrq vxfk dv ^46`/ kljkhu txdolw| upv pd| pdnh orzhu surwv rqfh
doo frvwv duh dffrxqwhg iru19 Lq frqwudvw/ kljkhu txdolw| upv lq rxu prgho
pdnh kljkhu htxloleulxp surwv/ hyhq zkhq txdolw| fkrlfh lv hqgrjhqrxv dqg
doo frvwv ri surgxfwlrq duh dffrxqwhg iru1 Wkhuh duh d qxpehu ri fdvh vwxg0
lhv wkdw vxjjhvw wkdw ehwwhu surgxfw txdolw| udlvhv surwdelolw|/ vhh ^48`^49`1
Shwhuv dqg Zdwhupdq/ ^44`/ vwxg| zhoo pdqdjhg X1V1 frpsdqlhv dqg dujxh
wkdw wkh prvw surwdeoh hpskdvl}h surgxfw dqg vhuylfh txdolw|1 Fkdqjhv lq
pdunhw vkduh dqg fkdqjhv lq surgxfw txdolw| duh vkrzq wr eh vwurqjo| uh0
odwhg lq ^6`1 Wdeoh / wdnhq iurp ^5`/ xvhv 4<:3*v gdwd iurp wkh Surw Lpsdfw
ri Pdunhwlqj Vwudwhjlhv EU7 vwxg| zklfk lqyroyhg c2ff exvlqhvvhv1 Lw
8Lq frqwudvw wr wklv/ Sruwhu/ vhh ^45`/ wdnhv wkh ylhz vxssruwhg e| vwdqgdug prghov ri
surgxfw glhuhqwldwlrq1 Kh dujxhv wkdw txdolw| dv vxfk grhv qrw udlvh surwv1 Udwkhu/ kh
irfxvhv rq wkh uroh ri surgxfw glhuhqwldwlrq lq uhgxflqj wkh h{whqw ri sulfh frpshwlwlrq1
Kh kljkoljkwv wkh lpsruwdqfh ri qglqj d qlfkh vr dv wr glhuhqwldwh |rxu surgxfw iurp
wkh frpshwlwlrq1 Kh dujxhv wkdw surgxfw glhuhqwldwlrq rq wkh edvlv ri txdolw| fuhdwhv d
ghihqvleoh frpshwlwlyh srvlwlrq dqg lqvxodwhv d up iurp frpshwlwlyh suhvvxuhv lq d zd|
wkdw frpshwlqj vroho| rq wkh edvlv ri sulfh dqg orz frvwv frxog qrw dfklhyh1
9Lqfuhdvlqj txdolw| lv dovr vhhq dv d phdqv ri uhgxflqj frvwv e| uhgxflqj ghihfwv dqg
pdwhuldo zdvwdjh dv zhoo dv zduudqw| fodlpv dqg frvwv dvvrfldwhg zlwk uhfdoov ri surgxfwv1
Vhh ^<`/ ^4:`/ ^4<`/ dqg ^8` iru vrph lqwhuhvwlqj lghdv rq zk| vxfk ghihfwv fdq hqg xs ehlqj
lqruglqdwho| h{shqvlyh1 Krzhyhu/ wklv fdqqrw surylgh d uhdvrq zk| kljkhu txdolw| lv pruh
surwdeoh1 Li idxowv duh h{shqvlyh/ wkhq surw pd{lpl}huv zloo uhgxfh idxowv xqwlo wkh
pdujlqdo frvwv ri uhgxflqj idxowv htxdov wkh ehqhw1 Wkhq upv zklfk fkrrvh deryh wkh
rswlpxp txdolw| ohyhov pdnh orzhu/ qrw kljkhu/ surwv wkdq rswlpl}lqj upv$
6vkrzv wkdw erwk wkh uhwxuq rq lqyhvwphqw dqg surwv dv d shufhqwdjh ri vdohv
uhyhqxh ulvh zlwk txdolw|1 Pruh uhfhqw gdwd wdnhq iurp ^:` duh suhvhqwhg
lq Wdeoh 2/ zklfk vkrzv wkdw wkh uhwxuq rq lqyhvwphqw ulvhv zlwk txdolw|/
lqghshqghqw ri krz d up*v frvwv frpsduh wr lwv frpshwlwruv*1
Wklug/ wkh fxuuhqw sdshu vxjjhvwv wkdw wkh {hg frvwv ri txdolw| sod| d
fulwlfdo uroh lq ghwhuplqlqj zkhq iuhh hqwu| lv frqvlvwhqw zlwk wkh h{lvwhqfh ri
surwv dqg uhvxowv lq qdwxudo roljrsrolhv dqg zkhq lw holplqdwhv doo surwv1
Zh vhh rxu uhvxowv dv frpsohphqwdu| wr wkrvh ri Vkdnhg dqg Vxwwrq/ vhh ^46`/
zkr vkrz wkdw qdwxudo roljrsrolhv fdq dulvh lq d prgho ri yhuwlfdo surgxfw
glhuhqwldwlrq1: Wkh| vkrz wkdw qdwxudo roljrsro| dulvh li doo frqvxphuv
fkrrvh wr ex| iurp wkh kljkhvw txdolw| up zkhq doo upv sulfh dw wkhlu
pdujlqdo frvw ri surgxfwlrq +zklfk ghshqgv rq txdolw|,1 Wkhvh frqglwlrqv
duh phw li frvwv ri surgxfwlrq gr qrw ulvh wrr idvw zlwk txdolw|1 Khqfh/ lq wkhlu
prgho/ li d odujh sduw ri wkh frvw ri txdolw| lv {hg/ wkhq qdwxudo roljrsrolhv
zloo whqg wr rffxu1 Lq rxu prgho/ li doo frvwv ri surgxfwlrq duh {hg/ qdwxudo
roljrsrolhv pd| ru pd| qrw dulvh1 Qdwxudo roljrsrolhv dovr dulvh lq Vkdnhg dqg
Vxwwrq li wkhuh lv orz frqvxphu khwhurjhqhlw| dv lqwhqvh sulfh frpshwlwlrq
gulyhv rxw orz txdolw| upv1 Ri frxuvh/ rxu prgho glhuv iurp wkhluv dv wkhuh
lv qr nqrzdeoh frqvxphu khwhurjhqhlw| dqg zh kdyh d glhuhqw lqwhusuhwdwlrq
ri txdolw|1 Rxu uhvxowv vxjjhvw wkdw wkh vkdsh ri wkh {hg frvwv dv d ixqfwlrq
ri txdolw| lv dovr lpsruwdqw lq ghwhuplqlqj zkhq qdwxudo roljrsrolhv dulvh dqg
zkhq wkh| gr qrw1
Zh duh dzduh ri wzr sdshuv wkdw xvh d vlplodu ghqlwlrq ri txdolw| wr rxuv/
exw zklfk kdyh d yhu| glhuhqw irfxv1 Sulfh frpshwlwlrq ehwzhhq dq h{shuw/
zkr surgxfhv shuihfw txdolw| dqg dq qrq h{shuw zkr lv ulvn| lv vwxglhg lq ^4`1
Wkxv/ lq hhfw wkh| orrn dw rqo| wkh odvw vwdjh ri rxu prgho1; Lq dgglwlrq/
wkh| dgg glhuhqwldwlrq d od Krwhoolqj rq wkh sduw ri frqvxphuv1 Dv d uhvxow/
wkhlu prgho lv pxfk ohvv wudfwdeoh wkdq rxuv1 Lq ^9` lw lv djdlq dvvxphg
wkdw rqh up surgxfhv d shuihfw txdolw|1 Lq frqwudvw wr ^4` krzhyhu/ wkh
txdolw| fkrvhq e| wkh rwkhu up lv hqgrjhqrxv dqg frqvxphuv glhu lq wkhlu
suredelolw| ri ehlqj vdwlvhg e| wklv orz txdolw| surgxfw1 Iru dq| txdolw|/
wkhuh lv d glvwulexwlrq ri frqvxphuv ryhu wkhvh suredelolwlhv1 Dq lqfuhdvh lq
:Wklv zrun lv qlfho| vxppdul}hg lq ^54`1
;Wkhlu pdlq uhvxowv duh wkdw li wkh txdolw| ri wkh orz txdolw| up lv yhu| orz wkhq doo
frqvxphuv ylvlw wkh orz txdolw| up uvw dqg wkhq wkh h{shuw li wkh| duh qrw vdwlvhg1 Li
wkh txdolw| ri wkh orz txdolw| up lv kljk hqrxjk wkhq vrph frqvxphuv ylvlw wkh h{shuw
uvw/ zkloh li lw lv lq ehwzhhq/ wkhq d vlpsoh irup ri d pl{hg vwudwhj| rffxuv zkhuh wkh
h{shuw udqgrpl}hv ehwzhhq wzr sulfhv dqg wkh rwkhu up fkdujhv d vlqjoh sulfh1
7txdolw| lv vhhq dv d vkliw ri pdvv iurp orz wr kljk suredelolwlhv dqg pxfk
ri wkh sdshu irfxvhv rq rqh vxfk h{dpsoh1 Wklv vhwxs kdv wkh dgydqwdjh
wkdw sd|rv duh qrw qhfhvvdulo| glvfrqwlqxrxv/ dv wkh| duh lq rxu prgho/ vr
wkdw sxuh vwudwhj| htxloleuld fdq h{lvw1 Krzhyhu/ lw kdv wkh glvdgydqwdjh
wkdw wkhuh duh pdq| zd|v iru dq lqfuhdvh lq txdolw|/ hyhq li rqh uhvwulfwv
dwwhqwlrq wr wkh jlyhq ghqlwlrq/ wr vkliw wkh ghpdqg fxuyh1 Lq klv sdshu/
Hprqv zrunv zlwk rqh vxfk h{dpsoh1 Klv pdlq uhvxow lv wkdw wkh orz txdolw|
up grhv qrw fkrrvh wr pd{lpdoo| glhuhqwldwh lwvhoi iurp wkh up zlwk wkh
shuihfw txdolw|1 Wklv lv qrw vxusulvlqj> jlyhq wkdw pd{lpdo glhuhqwldwlrq
zrxog uhtxluh wkh orz txdolw| up wr surgxfh d txdolw| ri }hur dqg hduq
qr surwv dw doo1 Lw lv zhoo xqghuvwrrg wkdw hyhq lq wkh Krwhoolqj prgho/
plqlpdo glhuhqwldwlrq qhhg qrw rffxu li frvwv ri txdolw| duh qrw olqhdu1 Li
frvwv ri txdolw| duh txdgudwlf dqg frqvxphuv duh glvwulexwhg xqlirupo|/ wkhuh
lv pd{lpdo glhuhqwldwlrq1 Vhh/ iru h{dpsoh/ ^7`1 Lw lv hdv| wr frqvwuxfw
h{dpsohv ri sduwldo glhuhqwldwlrq e| dowhulqj wkh glvwulexwlrq ri frqvxphuv1
Zh fkrrvh wr pdnh doo frqvxphuv dv zhoo dv doo upv h{ dqwh lghqwlfdo lq
rughu wr dyrlg vxfk sureohpv1 Wklv nhhsv wkh dqdo|vlv vlpsoh dqg kljkoljkwv
wkh lpsolfdwlrqv ri d vlpsoh fkdqjh lq wkh prgho= qdpho| wkh srvvlelolw| ri
uh0vdpsolqj1 Dovr qrwh wkdw lq frqwudvw wr ^9` dqg ^4` zh duh deoh wr prgho
wkh pdq| up fdvh/ dv zhoo dv wkh sulru hqwu| ghflvlrq1 Wklv doorzv xv wr
dgguhvv lvvxhv wkdw ^9` dqg ^4` fdqqrw1
Wkh sdshu surfhhgv dv iroorzv1 Lq Vhfwlrq 2 zh orrn dw wkh edvlf gxrsro|
prgho1 Zh vkrz wkdw d sxuh vwudwhj| htxloleulxp grhv qrw h{lvw dqg frqvwuxfw
wkh xqltxh pl{hg vwudwhj| htxloleulxp1 Zh qg wkdw wkh kljkhu txdolw| up
pdnhv juhdwhu surwv lq htxloleulxp1 Zh orrn dw upv* txdolw| fkrlfhv lq
Vhfwlrq  Zh vkrz wkdw hyhq wkrxjk upv duh h{ dqwh lghqwlfdo/ wkh rqo|
sxuh vwudwhj| htxloleulxp lv dv|pphwulf1 Lq dgglwlrq/ zh vkrz wkdw uhjdugohvv
ri zkhwkhu {hg frvwv ri txdolw| duh frqyh{ ru frqfdyh lq txdolw|/ wkh kljkhu
txdolw| up pdnhv juhdwhu surwv1 Vhfwlrqv e dqg D h{whqg wkh uhvxowv ri wkh
suhylrxv wzr vhfwlrqv wr wkh ? up fdvh1 Zh dovr orrn dw hqwu| ghflvlrqv dqg
qg wkdw zkhq wkh {hg frvwv ri txdolw| duh frqyh{ dqg vwduw dw wkh ruljlq/
iuhh hqwu| uhvxowv lq dq lqqlwh qxpehu ri upv1 Krzhyhu/ zkhq {hg frvwv ri
txdolw| duh frqfdyh/ rqo| d qlwh qxpehu ri upv hqwhu1 Lq Vhfwlrq S zh orrn
dw zhoiduh zkloh lq Vhfwlrq . zh doorz iru wkh suhvhqfh ri surgxfwlrq frvwv
dqg vkrz wkdw rxu uhvxow rq kljkhu surwv iru kljkhu txdolw| krogv zkhq/
iru h{dpsoh/ pdujlqdo frvwv ri surgxfwlrq duh olqhdu lq txdolw|1 Vhfwlrq H
frqwdlqv vrph frqfoxglqj uhpdunv1
85 Wkh Prgho
Wkhuh duh wkuhh vwdjhv wr wkh jdph1 Lq wkh uvw vwdjh/ upv ghflgh zkhwkhu
wr hqwhu ru qrw1 Xqwlo Vhfwlrq e zh dvvxph wkhuh duh wzr upv dqg vr qhjohfw
wklv hqwu| vwdjh1 Lq wkh vhfrqg vwdjh/ upv fkrrvh wkh suredelolw| zlwk
zklfk wkhlu surgxfw zloo vdwlvi| wkh fxvwrphu1 Wklv suredelolw| lv lqwhusuhwhg
dv wkh txdolw| ri wkh surgxfw dqg uhsuhvhqwhg e| ^￿c' c21 Wkh {hg
dqg vxqn frvwv ri surgxflqj d surgxfw ri d jlyhq txdolw| duh lqfxuuhg dw
wklv vwdjh dqg duh jlyhq e| E^￿ Lq wkh wklug vwdjh/ wkh wzr upv frpshwh
lq sulfh1< Wkh sd|r wr wkh frqvxphu zkhq wkh surgxfw gholyhuv lv wkh
vdph dfurvv wkh wzr upv/ exw wkh suredelolw| ri gholyhu|/ ^/ glhuv ehwzhhq
upv1 Zh dvvxph wkurxjkrxw wkh sdshu wkdw wkhuh duh d frqwlqxxp ri h{
dqwh lghqwlfdo frqvxphuv zlwk xqlw pdvv/ zkr rewdlq wkh ehqhw T iurp wkh
surgxfw zkhq lw grhv gholyhu/ dqg }hur zkhq lw idlov wr vdwlvi|1 Dv frqvxphuv
kdyh vrph xqghuo|lqj khwhurjhqhlw| zklfk lv xqnqrzq e| erwk frqvxphuv
dqg surgxfhuv/ rqh frqvxphu pd| eh vdwlvhg e| d surgxfw/ zkloh dqrwkhu
pd| qrw1 Wkh vrxufh ri wklv khwhurjhqhlw| lv ohiw xqvshflhg1
Iru jlyhq sulfhv d frqvxphu fkrrvhv zklfk up wr ex| iurp uvw1 Li wkdw
up vdwlvhv klp/ kh jrhv qr ixuwkhu1 Li lw grhv qrw/ kh fkrrvhv zkhwkhu
wr wu| wkh vhfrqg up ru wr txlw143 Doo sduwlflsdqwv duh dvvxphg wr eh ulvn
qhxwudo1 Zh ehjlq e| vroylqj wkh frqvxphu*v sureohp1 Zh wkhq xvh wkhvh
uhvxowv wr vroyh iru htxloleulxp lq wkh odvw vwdjh/ zklfk lq wxuq irupv wkh edvlv
iru vroylqj iru wkh htxloleulxp lq wkh vhfrqg vwdjh dqg vr rq1
514 Wkh Frqvxphu*v Sureohp
Wkh frqvxphu*v sureohp lv sduwlfxoduo| vlpsoh1 Dvvxplqj wkdw wkh frqvxphu
fkrrvhv wr eh lq wkh pdunhw/ hdfk ri wkh lghqwlfdo frqvxphuv pxvw fkrrvh
zklfk up wr ex| iurp uvw dqg zkhwkhu ru qrw wr ylvlw dqrwkhu up li wkh
uvw up ylvlwhg grhv qrw gholyhu1 Wkh frqvxphu fkrrvhv wr ylvlw d up dv
orqj dv lw h{shfwv d srvlwlyh sd|r/ wkdw lv dv orqj dv ^T  lv srvlwlyh zkhuh
T lv sd|r wr wkh frqvxphu zkhq wkh surgxfw gholyhuv dqg  lv lwv sulfh1
Dvvxplqj wkdw erwk upv duh sdwurql}hg/ kh fkrrvhv wr ylvlw wkh up zlwk
<Ilupv kdyh }hur pdujlqdo frvwv ri surgxfwlrq1 Gursslqj wkh dvvxpswlrq wkdw pdujlqdo
frvwv duh }hur grhv qrw dhfw wkh  dyru ri wkh uhvxowv dv vkrzq lq Vhfwlrq :=
43Rqfh d up lv ylvlwhg/ lw lv uhpryhg iurp wkh vhw ri srvvleoh fkrlfhv1
9wkh orzhu ydoxh ri ￿
^ uvw144
515 Surwv dqg Sulfhv lq Gxrsro|
Lq wkh odvw vwdjh upv wdnh wkhlu txdolw| fkrlfhv dv jlyhq dqg hvvhqwldoo|
frpshwh lq sulfhv1 Lw wxuqv rxw wr eh frqyhqlhqw wr ghslfw d up*v surw
dqg sulflqj ghflvlrqv lq whupv ri lwv sulfh txdolw| udwlr/ udwkhu wkdq ri sulfhv
dorqh/ dv wklv udwlr ghwhuplqhv wkh frqvxphuv* vzlwfklqj ehkdylru145
Iluvw/ frqvlghu wkh fdvh zkhuh
￿u
^u 	
￿M
^M  Lq wklv hyhqw/ wkh frqvxphu uvw
ylvlwv Ilup uc wkh orz txdolw| up/ dqg sd|v u1 Zlwk suredelolw| E  ^u
wkh frqvxphu lv qrw vdwlvhg dqg vxevhtxhqwo| ylvlwv wkh kljk txdolw| up/
Ilup M1 Vlqfh wkhuh duh d frqwlqxxp ri lghqwlfdo frqvxphuv/ d iudfwlrq
E  ^u ri wkhp ylvlw Ilup M dv zhoo dv Ilup u Rq wkh rwkhu kdqg/ li
￿u
^u :
￿M
^M / wkh frqvxphu ylvlwv Ilup M uvw dqg sd|v M1 Zlwk suredelolw| E  ^M
wkh frqvxphu lv qrw vdwlvhg dqg vxevhtxhqwo| ylvlwv Ilup u1 Wkhuhiruh d
iudfwlrq E  ^M ri wkhp ylvlw Ilup u dv zhoo dv M46 Dw wklv vwdjh lw lv xvhixo
wr lpsrvh d wlh0euhdnlqj uxoh147
Dvvxpswlrq Wkh orzhvw txdolw| up qrw suhylrxvo| ylvlwhg lv ylvlwhg uvw
lq wkh hyhqw ri d wlh1 Lq wkh wzr up fdvh/ li erwk upv fkrrvh wkh vdph
sulfh txdolw| udwlr wkh frqvxphu ylvlwv Ilup u uvw1
Khqfh/ dv orqj dv
￿M
^M 	T cwkh surwv ri Ilup M duh jlyhq e|=
ZMEuc M m ^Mc^ u'
+
M li
￿M
^M 	
￿u
^u
ME  ^u li
￿M
^M 
￿u
^u

44Wklv lv d vlpsoh dssolfdwlrq ri wkh Exulhg Wuhdvxuh Sureohp1 D wuhdvxuh zruwk Y
frxog eh exulhg lq dq| ri Q orfdwlrqv1 Gljjlqj dw orfdwlrq l frvwv Sl dqg wkh suredelolw|
ri qglqj wkh wuhdvxuh lq orfdwlrq l lv tl= Wkh vroxwlrq wr wklv sureohp lqyroyhv fkrrvlqj
wr glj zkhuh
tlY ￿Sl
tl lv kljkhvw/ + zkhuh Sl
tl lv orzhvw, xqwlo wkh wuhdvxuh lv irxqg ru doo vlwhv
zkhuh tlY  Sl lv srvlwlyh kdyh ehhq ylvlwhg1 Jhqhudol}dwlrqv ri vxfk sureohpv duh ghdow
zlwk lq +^55`,1
45Ehorz zh xvh sulfh dqg wklv sulfh txdolw| udwlr lqwhufkdqjhdeo|1
46Qrwh wkdw zh vshfli| wkdw wkh sulfh lv sdlg xs iurqw dqg qrw uhixqghg li wkh surgxfw
idlov wr gholyhu1 Li d up jxdudqwhhv vdwlvidfwlrq ru |rxu prqh| edfn/ frqvxphuv vlpso|
frpsduh wkh sulfh ri wkh jxdudqwhhg surgxfw wr wkh sulfh txdolw| udwlr ri wkh xqjxdudqwhhg
surgxfw1
47Wklv kdv qr uhdo hhfw rq wkh sureohp exw lv d whfkqlfdo dvvxpswlrq hqvxulqj wkdw wkh
vxssruw ri wkh pl{hg vwudwhjlhv lv d forvhg vhw1
:Li
￿M
^M :T csurwv duh }hur1 Wkh khdy| olqh lq Iljxuh  ghslfwv Ilup M￿r
surwv dv d ixqfwlrq ri lwv sulfh txdolw| udwlr1 Iru sulfh txdolw| udwlrv ehorz
￿u
^u c lw kdv d vorsh ri ^Mc48 zkloh deryh
￿u
^u lwv vorsh lv E  ^u^M Ilup u*v
surwv fdq eh dqdorjrxvo| ghqhg dqg duh ghslfwhg lq Iljxuh 2
516 Ehvw Uhvsrqvhv
Qh{w/ zh frqvwuxfw ehvw uhvsrqvh ixqfwlrqv iru wkh wzr upv dqg vkrz wkdw
wkhlu irup suhfoxghv wkh h{lvwhqfh ri sxuh vwudwhj| htxloleuld1 Qrwlfh wkdw
erwk vhjphqwv ri wkh upv* surw ixqfwlrqv duh prqrwrqlfdoo| lqfuhdvlqj lq
hdfk up*v rzq sulfh1 Wkhuhiruh/ d up zloo pd{lpl}h surwv e| fkrrvlqj
hlwkhu wkh kljkhvw sulfh txdolw| udwlr zklfk zloo dwwudfw frqvxphuv wr lw uvw
+wkh pd{lpdqg ri wkh uvw vhjphqw, ru lw zloo fkrrvh T +wkh pd{lpdqg ri
wkh vhfrqg vhjphqw, dqg vhuyh rqo| wkrvh frqvxphuv zkr gr qrw vxffhhg lq
phhwlqj wkhlu qhhgv zlwk wkhlu lqlwldo sxufkdvh1 Wklv ehkdylru uhvxowv lq wkh
ehvw uhvsrqvhv looxvwudwhg lq Iljxuh 61
Ohw
￿W
M
^M 'E  ^uT 1 Lw lv ghqhg vr wkdw Ilup M lv lqglhuhqw ehwzhhq
fkrrvlqj wkh udwlr T dqg ehlqj ylvlwhg vhfrqg/ dqg fkrrvlqj wkh udwlr
￿ W
M
^M
dqg ehlqj ylvlwhg uvw1 Lq hlwkhu fdvh lw zloo hduq E  ^u^MT Frqvlghu
Ilup M￿r ehvw uhvsrqvhv wr ydulrxv fkrlfhv pdgh e| Ilup u Li
￿u
^u :
￿ W
M
^M /
Ilup M zloo mxvw xqghufxw
￿u
^u dqg hduq pruh wkdq lw zrxog e| sulflqj dw T
Zkhuhdv/ li
￿u
^u 
￿ W
M
^M c Ilup M zloo qrw xqghufxw Ilup u ehfdxvh grlqj vr
zrxog |lhog surwv orzhu wkdq wkrvh rewdlqhg e| fkrrvlqj T Lqvwhdg/ Ilup
M zrxog fkrrvh
￿M
^M ' T dqg hduq E  ^u^MT Ghqh
￿ W
u
^u 'E  ^MT dqg
Ilup u￿r ehvw uhvsrqvhv lq dq dqdorjrxv pdqqhu1 Lw lv fohdu wkdw wkh ehvw
uhvsrqvh ixqfwlrqv gr qrw lqwhuvhfw/ dqg wkhuhiruh wkhuh duh qr sxuh vwudwhj|
htxloleuld lq wklv jdph1
Sursrvlwlrq 4 Wkhuh duh qr sxuh vwudwhj| htxloleuld zkhq wzr upv frpshwh
lq sulfhv iru jlyhq txdolwlhv1
Jlyhq Sursrvlwlrq 4 zh wxuq rxu dwwhqwlrq wr pl{hg vwudwhj| htxloleuld149
48Wklv lv ehfdxvh surwv duh gudzq dv d ixqfwlrq ri SK
tK vr wkdw up K3v surwv duh jlyhq
e|

SK
tK

tK dqg wkh vorsh ri wkh surw ixqfwlrq lv tK= Uhphpehu wkdw txdolw| lv jlyhq dw
wklv vwdjh vr wkdw sulfh lv ehlqj fkrvhq iru d jlyhq txdolw|1
49Rqh pljkw vxvshfw wkdw d vlpsoh pl{hg vwudwhj| htxloleulxp h{lvwv/ qdpho| rqh zkhuh
;517 Pl{hg Vwudwhjlhv
Wkh pl{hg vwudwhj| htxloleulxp zh lghqwli| ehorz kdv vrph lqwhuhvwlqj surs0
huwlhv1 Iluvw/ wkh upv pl{ ryhu wkh frpprq vxssruw
k
￿ W
M
^M cT
l
 Wklv pdnhv
vhqvh dv Ilup M zloo qhyhu zdqw wr sulfh rxwvlgh wklv vxssruw dv lw pdnhv ohvv
wkdq e| sulflqj dw T dqg ehlqj ylvlwhg vhfrqg1 Iru vlplodu uhdvrqv/ Ilup u
zloo qhyhu zdqw wr sulfh rxwvlgh
k
￿ W
u
^u cT
l
 Krzhyhu/ dv
￿W
M
^M :
￿W
u
^u c Ilup u zloo
qhyhu qg lw zruwkzkloh wr sulfh ehorz
￿W
M
^M dv Ilup M qhyhu zloo$ Vhfrqg/
wkh| kdyh qr krohv lq wkh glvwulexwlrq dqg qr pdvv srlqwv/ rwkhu wkdq dw Tc
zkhuh Ilup M kdv d pdvv srlqw1 Wklug/ wkh pl{hg vwudwhj| ri Ilup u lv uvw
rughu grplqdwhg e| Ilup M￿r pl{1 Wkhuhiruh/ rq dyhudjh/ Ilup M fkdujhv
d kljkhu sulfh shu xqlw ri txdolw| wkdq Ilup u Qrwh wkdw wkh htxloleulxp
surwv ri Ilup M duh juhdwhu wkdq wkrvh ri Ilup u dqg wkhvh htxloleulxp
surwv duh htxdo wr zkdw hdfk up zrxog hduq e| sulflqj dw
￿W
M
^M dqg ehlqj
ylvlwhg uvw1
Sursrvlwlrq 5 Lq htxloleulxp wkh wzr upv fkrrvh wkh iroorzlqj pl{hg vwudwh0
jlhv h{suhvvhg dv fxpxodwlyh ghqvlw| ixqfwlrqv +FGI,/
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dqg hduq uhvshfwlyh htxloleulxp surwv ri 4:
Z
.
M 'E   ^u^MT
Z
.
u 'E   ^u^uT
K udqgrpl}hv ehwzhhq
S￿
K
tK dqg Y zkloh O sod|v
S￿
K
tK = Krzhyhu/ wklv lv qrw dq htxloleulxp1
Li O lv dvvxphg wr eh ylvlwhg uvw +ru li upv duh ylvlwhg udqgrpo|, lq wkh hyhqw ri d wlh/
wkhq K suhihuv Y wr
S￿
K
tK vr wkdw wklv lv qrw dq htxloleulxp1 Li K lv ylvlwhg uvw lq wkh hyhqw
ri d wlh wkhq O suhihuv wr fkdujh voljkwo| ohvv wkdq
S ￿
K
tK hqvxulqj kh lv ylvlwhg uvw vr wkdw
wklv lv qrw dq htxloleulxp hlwkhu1
4:Djdlq/ li d up jxdudqwhhv vdwlvidfwlrq ru |rxu prqh| edfn wkh frqvxphuv frpsduh
wkh sulfh ri wkh jxdudqwhhg surgxfw wr wkh sulfh txdolw| udwlr ri wkh xqjxdudqwhhg surgxfw1
Krzhyhu/ wkh up wkdw rhuv wkh jxdudqwhh zloo xvh wkh vdph pl{hg vwudwhj| wr fkrrvh lwv
sulfh +udwkhu wkdq lwv sulfh txdolw| udwlr, dqg hduq wkh vdph htxloleulxp surwv1
<Lw lv hdv| wr yhuli| wkdw wklv lv lqghhg dq htxloleulxp e| frquplqj wkh
iroorzlqj14; Iluvw/ wkdw wklv lv d FGI dv lw lv lqfuhdvlqj dqg wdnhv wkh ydoxh
ri }hur dw wkh erwwrp dqg ri xqlw| dw wkh wrs ri lwv vxssruw1 Vhfrqg/ zkhq
rqh up pl{hv dffruglqj wr lwv jlyhq glvwulexwlrq/ wkh surwv ri wkh rwkhu duh
lqghshqghqw ri zklfk sulfh txdolw| udwlr lw fkrrvhv iurp wkh vxssruw1 Wklug/
qhlwkhu up fdq lpsuryh lwv surwv e| fkrrvlqj d udwlr rxwvlgh wkh vxssruw1
Lw lv dovr hdv| wr yhuli| wkdw wklv lv d vshfldo fdvh ri wkh ?0up htxloleulxp
vwudwhjlhv hvwdeolvkhg lq Vhfwlrq S
Qrwh wkdw wkh wlh euhdnlqj dvvxpswlrq pdgh hduolhu lv qrw fulwlfdo1 Li
lqvwhdg zh dvvxphg wkdw Ilup M zdv ylvlwhg uvw/ wkhq Ilup u zrxog qr
orqjhu fkrrvh d udwlr ri T Vlqfh Ilup M k d vdp d v vs r l q wd wT Ilup u frxog
gr ehwwhu e| fkdujlqj voljkwo| ohvv wkdq T Krzhyhu/ Ilup u grhv qrw kdyh
d pdvv srlqw dw T vr wklv grhv qrw dhfw wkh htxloleulxp surwv ri Ilup M
Wkxv/ wkh deryh htxloleulxp zrunv zlwk wkh surylvr wkdw Ilup u rqo| pl{hv
ryhu wkh kdoi rshq lqwhuydo
k
￿W
M
^M cT


Qrwlfh wkdw wkh wrwdo surwv ri wkh up zlwk wkh orzhu txdolw| duh lqgh0
shqghqw ri wkh txdolw| fkrvhq e| wkh kljkhu txdolw| up/ dv orqj dv wkhlu
txdolw| udqnlqj lv xqfkdqjhg1 Wklv hqgv xs sod|lqj d fuxfldo uroh ehorz1
Q r zz hw x u qw rw k hl v v x hr ik r zt x d o l w |l vf k r v h ql qv w d j hw z r 1
6 Fkrrvlqj Txdolw|
Ilupv uhdol}h wkdw wkhlu fkrlfh ri txdolw| zloo dhfw wkhlu surwv lq wkh vxevh0
txhqw vwdjh dqg wkh| lqfrusrudwh wklv lqirupdwlrq lqwr wkhlu ghflvlrq pdnlqj
lq wkh sulru vwdjh1 Wkh qhw surw ixqfwlrq iru Ilup / jlyhq wkdw lwv ul0
ydo fkrrvhv wkh txdolw| ^3￿/ lv d frpsrvlwh ixqfwlrq ghqrwhg e| ￿E^￿c^ 3￿
zkhuh=4<
￿E^￿c^ 3￿'
+
E  ^￿^￿T  E^￿ sJo^￿  ^3￿
E  ^3￿^￿T  E^￿ sJo^￿  ^3￿ +4,
Qrwh wkdw wkh up*v surw ixqfwlrq lv frqwlqxrxv lq ^￿ iru dq| ^3￿ fkrvhq e|
lwv frpshwlwru1 Ilupv fkrrvh wkhlu txdolw| wr pd{lpl}h wkhlu wrwdo surwv/
jlyhq wkh txdolw| fkrvhq e| wkhlu frpshwlwru1 Wklv uhvxowv lq ehvw uhvsrqvhv
lq txdolw| vsdfh/ zklfk zh ghqh ehorz1
4;Lw fdq eh vkrzq wkdw zlwk wzr upv wklv lv wkh xqltxh htxloleulxp1 Dv zh fdqqrw
vkrz wklv zlwk q upv/ zh gr qrw hpskdvl}h lw1
4<Qrwh wkdw  ghqrwhv wkh surwv qhw ri {hg frvwv ri txdolw| zkloh  h{foxghv wkhvh
frvwv1
43614 Txdolw| Fkrlfhv
Lw lv dssduhqw iurp +4, wkdw wkh vhfrqg vhjphqw ri wklv frpsrvlwh surw
ixqfwlrq vkliwv grzqzdugv dv wkh frpshwlwru*v txdolw| ulvhv1 Wkxv/ zh zrxog
vxvshfw wkdw iru kljk ydoxhv ri wkh frpshwlwru*v txdolw|/ wkh shdn ri Ilup
￿r surw ixqfwlrq rffxuv dorqj wkh uvw vhjphqw ri wkh frpsrvlwh ixqfwlrq/
zkloh iru orz ydoxhv ri wkh frpshwlwru*v txdolw|/ wkh shdn ri Ilup ￿r surw
ixqfwlrq rffxuv dorqj wkh vhfrqg vhjphqw ri wkh frpsrvlwh ixqfwlrq1 Dw vrph
lqwhuphgldwh ydoxh ri wkh frpshwlwruv txdolw|/ ghqrwhg e| h ^/w k hw z rs h d n v
|lhog wkh vdph ohyho ri surwv1 Frqvhtxhqwo|/ wkh ehvw uhvsrqvh ri Ilup  lq
txdolw| vsdfh mxpsv dw h ^ Zh vkrz wkdw wklv mxps holplqdwhv wkh srvvlelolw|
ri d v|pphwulf sxuh vwudwhj| htxloleulxp zkhuh erwk upv fkrrvh wkh vdph
txdolw|1 Krzhyhu/ wkhuh duh wzr dv|pphwulf sxuh vwudwhj| htxloleuld wkdw duh
pluuru lpdjhv ri hdfk rwkhu1
Ohw ^ughqrwh wkh ohyho ri ^ wkdw pd{lpl}hv surwv dorqj wkh uvw sduw ri
wkh ixqfwlrq1 Ohw uE^u'ZuE^u E^u ghqrwh wklv ohyho ri surwv zklfk
zh dvvxph wr eh srvlwlyh1 Khqfh/ dw ^u wkh uvw rughu frqglwlrq ri ZuE^
E^u krogv/53
E  2^uT  
￿E^u'f  +5,
Wkhuh duh vhyhudo surshuwlhv zklfk vkrxog eh qrwhg dw wklv wlph1 ZuE^ dwwdlqv
lwv pd{lpxp dw ^ ' *2c dqg wkhuhiruh wkh pd{lpxp ri ZuE^ E^ pxvw
rffxu dw ^u 	 *2 Zkhq ^￿ ' ^3￿ ' ^u/ wkh vzlwfk iurp wkh uvw vhjphqw
wr wkh vhfrqg vhjphqw ri wkh surw ixqfwlrq ri Ilup  rffxuv dw ^u1D ww k l v
srlqw/ Ilup ￿r surwv duh lqfuhdvlqj lq lwv rzq txdolw| dv vkrzq e| Ohppd
4 lq Dsshqgl{ 41 E| lqfuhdvlqj lwv txdolw| eh|rqg ^uc Ilup  ehfrphv wkh
kljk txdolw| surgxfhu dqg hduqv kljkhu surwv rq wkh vhfrqg vhjphqw ri wkh
frpsrvlwh surw ixqfwlrq1 Wklv lv wkh uhdvrq zk| wkh kljk txdolw| up pdnhv
juhdwhu surwv lq htxloleulxp wkdq wkh orz txdolw| up zklfk fkrrvhv ^u1
61414 Frqfdyh Frvwv
Zkhq frvw duh frqfdyh/ wkh vhfrqg vhjphqw ri Ilup ￿r surw ixqfwlrq/
ME^c^3￿c lv frqyh{ lq lwv rzq txdolw|/ dv ghslfwhg lq Iljxuh e1 Khqfh/
wkh shdn ri wklv vhjphqw rffxuv dw ^ 'dqg  ^ lv ghqhg e|/
MEc  ^' uE^
u +6,
53Zh dvvxph wkurxjkrxw wkdw wkdw F3+=,  3=
44Ohppd 5 lq Dsshqgl{  frqupv wkdw ^u 	  ^	 vr wkdw wkh mxps lq wkh
ehvw uhvsrqvh ixqfwlrqv holplqdwhv v|pphwulf sxuh vwudwhj| htxloleuld1
Wkh irup ri wkh ehvw uhvsrqvhv lv qrz fohdu1 D up fkrrvhv d txdolw|
ri ^uli lwv rssrqhqw fkrrvhv d txdolw| ^3￿   ^/ dqg fkrrvhv d txdolw| ri 
iru ^3￿   ^ Wkxv wkhuh duh wzr htxloleuld dw srlqwv  dqg  dv ghslfwhg lq
Iljxuh D Wkh| duh pluuru lpdjhv ri rqh dqrwkhu zkhuh rqh up fkrrvhv ^u
dqg wkh rwkhu fkrrvhv ^ '  Rxu uhvxowv vr idu duh vxppdul}hg ehorz1
Sursrvlwlrq 6 Zkhq frvwv ri txdolw| duh frqfdyh dqg qrq ghfuhdvlqj lq ^
wkhuh duh wzr sxuh vwudwhj| htxloleuld/ zklfk duh pluuru lpdjhv ri rqh dqrwkhu/
zkhuh rqh up fkrrvhv ^u dqg wkh rwkhu fkrrvhv ^ '  Lq htxloleulxp/ wkh
kljk txdolw| up pdnhv juhdwhu surwv wkdq wkh orz txdolw| up1
Zh qrz wxuq wr wkh fdvh zlwk frqyh{ frvwv ri txdolw|1
61415 Frqyh{ Frvwv
Zkhq E^￿ lv frqyh{ wkh vhfrqg vhjphqw ri wkh surw ixqfwlrq lv frqfdyh1
Wklv lv ghslfwhg lq Iljxuh S zklfk lv dqdorjrxv wr Iljxuh e Dv d frqvhtxhqfh/
li wkh up fkrrvhv wr rshudwh rq wklv vhfrqg vhjphqw/ lw qhhg qrw eh ehvw r
fkrrvlqj d txdolw| ri  Ohw ^ME^u ghqrwh wkh surw pd{lpl}lqj fkrlfh ri
txdolw| lq wklv fdvh154 Wklv ehvw uhvsrqvh lv lpsolflwo| ghqhg e|=
E  ^uT  
￿E^ME^u ' f +7,
surylghg wkdw E^uT ￿E 	 f55 Qrwh wkdw ^ME^u lv zhdno| grzqzdug
vorslqj1 Ohw wkh pd{lpl}hg surwv dorqj ^ME^u eh ghqrwhg e| ME^ME^uc^ u
Wkhq ME^ME^uc^ u ghqrwhv wkh surwv dvvrfldwhg zlwk fkrrvlqj txdolw| rs0
wlpdoo| zkhq Ilup u fkrrvhv ^u1
Lq wklv fdvh lw lv hdv| wr vhh wkdw wkhuh lv d sxuh vwudwhj| htxloleulxp1 Wkh
ehvw uhvsrqvh ri d up zloo eh hlwkhu ^ME^u ru ^uc ghshqglqj rq zklfk jlyhv
juhdwhu surwv1 Zh vkrz wkdw ^ME^u lv fkrvhq li wkh rwkhu up*v txdolw|
fkrlfh lv orz hqrxjk dqg ^
u lv fkrvhq li wkh rwkhu up fkrrvhv txdolw| deryh
d fulwlfdo ohyho ghqrwhg e|  ^1 Lq wkh frqyh{ fdvh  ^ lv lpsolflwo| ghqhg e|=
ME^ME ^c  ^' uE^u +8,
54Zh dvvxph wkdw dv t jrhv wr }hur/ wkh vorsh ri F+=, dovr jrhv wr }hur1 Wklv hqvxuhv
wkdw d txdolw| fkrlfh ri }hur lv qrw rswlpdo1
55Ri frxuvh/ li +4  tO,Y  F3+4,  3> wkhq d fruqhu vroxwlrq rffxuv dqg tK+tO,@4 =
45Ohw ^S
u ghqrwh wkh ydoxh ri ^u zkhuh ^ME^u lqwhuvhfwv wkh eD ghjuhh olqh1 Wkdw
lv=
^ME^
S
u'^
S
u +9,
Lq Ohppd 6 lq Dsshqgl{ 4/ lw lv vkrzq wkdw ^u 	  ^	^ S
u 	  zkhuh  ^ dqg
^S
u duh ghqhg lq +8, dqg +9, uhvshfwlyho|1
Wkh irup ri wkh ehvw uhvsrqvh ixqfwlrqv dqg wkh htxloleulxp lv qrz fohdu1
D up fkrrvhv d txdolw| ri ^u li lwv rssrqhqw fkrrvhv d txdolw| ^3￿   ^ dqg
fkrrvhv d txdolw| ri ^ME^u li ^3￿   ^ Wkh ehvw uhvsrqvhv orrn pxfk olnh
wkrvh lq wkh fdvh ri frqfdyh frvwv1 Wkh rqo| glhuhqfh lv wkdw zlwk frqyh{
f r v ww k h |f d qe hg r z q z d u gv o r s l q ji r uo r z^ fkrlfhv e| wkh rssrqhqw1
Wkh ehvw uhvsrqvhv duh gudzq lq Iljxuh . Wzr dv|pphwulf sxuh vwudwhj|
htxloleuld fdq eh vhhq wr h{lvw dv d frqvhtxhqfh ri Ohppd 61 Wkhvh duh pluuru
lpdjhv ri rqh dqrwkhu/ dw srlqwv  dqg  Lq htxloleulxp/ rqh up fkrrvhv
^u dqg wkh rwkhu fkrrvhv ^ME^u Qrwh wkdw rqfh djdlq wkh kljk txdolw| up
dozd|v pdnhv juhdwhu surwv lq htxloleulxp wkdq wkh orz txdolw| rqh156 Rxu
uhvxowv vr idu duh vxppdul}hg ehorz1
Sursrvlwlrq 7 Zkhq frvwv ri txdolw| duh frqyh{ lq ^ wkhuh duh wzr sxuh
vwudwhj| htxloleuld1 Wkhvh duh pluuru lpdjhv ri rqh dqrwkhu/ zkhuh rqh up
fkrrvhv ^u dqg wkh rwkhu fkrrvhv ^ME^u Lq htxloleulxp/ wkh kljk txdolw| up
pdnhv juhdwhu surwv wkdq wkh orz txdolw| rqh1
Zkdw li fkrlfhv zhuh vhtxhqwldoB Khuh djdlq lw lv zruwk frqvlghulqj wkh
frqfdyh frvwv ri txdolw| vhsdudwho| iurp wkh frqyh{ fdvh1 Lq wkh frqfdyh fdvh
wkh uvw pryhu kdv wr hvvhqwldoo| fkrrvh ehwzhhq wkh wzr htxloleuld  dqg 
lq Iljxuh D Ri frxuvh/ kh fkrrvhv wr eh wkh kljk txdolw| surgxfhu1 Khqfh/
wkh Vwdfnhoehuj htxloleulxp lv d vxevhw ri wkh Qdvk htxloleuld1
Zlwk frqyh{ frvwv ri txdolw|/ wkh uvw pryhu +zkrvh txdolw| lv rq wkh
yhuwlfdo d{lv fdq fkrrvh  wr eh wkh htxloleulxp dv wkh ehvw uhvsrqvh ixqfwlrq
ri wkh rssrqhqw lv  dw li wkh uvw pryhu fkrrvhv  dv ghslfwhg lq Iljxuh .1
Dv surwv duh kljkhu dw  iru wkh up odehoohg M wkdq dw wkh srlqwv g dqg
u +zkhuh surwv duh htxdo, wkh| h{fhhg surwv dorqj wkh grzqzdug vorslqj
56Wkhuh duh rwkhu htxloleuld lq pl{hg vwudwhjlhv1 Iru h{dpsoh/ lw lv hdv| wr yhuli| wkdw
zlwk frqyh{ frvwv/ rqh up pl{lqj ryhu wkh wzr srlqwv t
O dqg tK + t, dqg wkh rwkhu
fkrrvlqj  t frqvwlwxwhv d pl{hg vwudwhj| htxloleulxp1 Zh vxvshfw wkdw wkhuh lv dovr dw ohdvw
rqh v|pphwulf pl{hg vwudwhj| htxloleulxp vlqfh wkh jdph lwvhoi lv v|pphwulf1 Zh irfxv
rqo| rq sxuh vwudwhj| htxloleuld lq txdolw| vsdfh lq rughu wr eh deoh wr lqwhusuhw txdolw| dv
zh gr dv wkh nqrzq suredelolw| ri ehlqj vdwlvhg1
46sduw ri wkh rssrqhqwv ehvw uhvsrqvh ixqfwlrq1 Khqfh/ wkh Vwdfnhoehuj srlqw
iru wkh up zklfk lv wkh ohdghu uhpdlqv dw 
Sursrvlwlrq 8 Wkh up zklfk pryhv uvw zloo surgxfh d kljkhu txdolw| dqg
hduq kljkhu surwv zkhwkhu frvwv ri txdolw| duh frqfdyh ru frqyh{1
7 H{whqvlrq wr Pdq| Ilupv
Vr idu zh kdyh dvvxphg wkdw wkhuh duh rqo| wzr upv lq wkh pdunhw1 Krz duh
wkh uhvxowv dhfwhg e| wkh suhvhqfh ri pruh upvB Zkdw lv wkh htxloleulxp
xqghu iuhh hqwu|B Zh wxuq wr wkhvh txhvwlrqv lq wklv dqg wkh qh{w vhfwlrq1
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zkhuh uEc ￿
^  lv wkh vhw ri upv wkdw zrxog eh ylvlwhg ehiruh Ilup c jlyhq
wkh sulfh txdolw| udwlrv fkrvhq e| doo upv duh uhsuhvhqwhg e| wkh yhfwru ￿
^ 1
Uhfdoo wkdw lq wkh hyhqw ri d wlh/ wkh up zlwk orzhvw txdolw| dprqj wkrvh
zklfk duh wlhg lv ylvlwhg uvw1 Dv ehiruh hdfk up*v surwv mxps grzq hyhu|
wlph lwv sulfh txdolw| udwlr vxusdvvhv wkdw ri dqrwkhu up1
714 Sxuh Vwudwhjlhv
Fdq wkhuh eh d sxuh vwudwhj| htxloleulxp wr wklv jdphB Qr1 Wkh surri
frqvlvwv ri dvvxplqj wkdw vxfk dq htxloleulxp h{lvwv dqg vkrzlqj wkdw wklv
ohdgv wr d frqwudglfwlrq1 Vxssrvh wkdw wkhuh zhuh d sxuh vwudwhj| htxloleulxp1
Frqvlghu wkh up zlwk wkh orzhvw sulfh txdolw| udwlr/ Ilup & Ilup &￿r surwv
duh lqfuhdvlqj lq lwv rzq sulfh dw wkh fdqglgdwh htxloleulxp li lw kdv wkh orzhvw
sulfh txdolw| udwlr1 Khqfh lw zloo zlvk wr udlvh lwv sulfh1 Lq wkh hyhqw ri d wlh/
ohw & eh wkh up zlwk wkh kljkhvw txdolw| dprqj wkh upv zlwk wkh orzhvw
sulfh txdolw| udwlr1 Wkhq Ilup & lv ehvw r uhgxflqj lwv sulfh e| d elw dqg
jhwwlqj doo frqvxphuv wr ylvlw lw uvw1 Lq idfw/ iru dq| wlh euhdnlqj uxoh/ lw lv
dozd|v lq wkh lqwhuhvw ri vrph up wr voljkwo| xqghufxw wkh rwkhuv157
57Li wkh vsolw lv htxdo/ wkhq lw lv lq wkh lqwhuhvw ri doo wlhg upv wr voljkwo| xqghufxw hdfk
rwkhu1
47Sursrvlwlrq 9 Wkhuh lv qr sxuh vwudwhj| htxloleulxp zkhq ? upv frpshwh
lq sulfhv iru jlyhq txdolwlhv1
715 Pl{hg Vwudwhj| Htxloleulxp
Khuh zh orrn iru pl{hg vwudwhj| htxloleuld1 Iroorzlqj wkh phwkrg hpsor|hg
lq wkh wzr up fdvh/ zh pxvw fkdudfwhul}h wkh h{shfwhg surwv ri Ilup 
zkhq doo rwkhu upv/  9' c xvh pl{hg vwudwhjlhv 8￿E Iluvw orrn dw zkdw
rffxuv zkhq wkhuh lv rqo| rqh ulydo up/ fdoo lw 1 Iru hdfk sulfh txdolw| udwlr
fkrvhq e| Ilup c hlwkhu Ilup  fkrrvhv d sulfh txdolw| udwlr zhdno| ehorz
wkdw fkrvhq e| Ilup  ru lw fkrrvhv d sulfh txdolw| udwlr deryh wkdw fkrvhq e|
Ilup  Wkh iruphu hyhqw rffxuv zlwk suredelolw| 8￿

￿￿
^￿

lq zklfk fdvh Ilup
 lv ylvlwhg ehiruh Ilup  vr wkdw Ilup  hduqv E  ^￿￿ Wkh odwwhu hyhqw
rffxuv zlwk suredelolw|
k
  8￿

￿￿
^￿
l
 Lq wklv hyhqw Ilup  lv ylvlwhg ehiruh
Ilup  dqg Ilup  hduqv ￿1 Khqfh=
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Lq jhqhudo/ wkh h{shfwhg surwv ri Ilup c zkhq wkhuh duh ? upv frp0
shwlqj/ duh jlyhq e|=
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zkhuh g￿ ghqrwhv wkh htxloleulxp ohyho ri surwv iru Ilup /d q g83￿E gh0
qrwhv wkh yhfwru ri fxpxodwlyh glvwulexwlrq ixqfwlrqv iru doo upv exw Ilup
1 Vhh Ohppd 7 lq Dsshqgl{ 2 iru d surri1
Zh qrz srvwxodwh d irup iru doo wkhvh fxpxodwlyh glvwulexwlrq ixqfwlrqv
dqg wkhq vkrz wkdw wkhvh glvwulexwlrq ixqfwlrqv frqvwlwxwh dq htxloleulxp1
Ohw ^f 'fdqg qxpehu wkh upv vr wkdw kljkhu txdolw| upv kdyh d kljkhu
lqgh{/ wkdw lv/ f'^f  ^￿  ^2    ^? Ghqh wkh qxpehuv=
-￿ '
?3￿

|’￿
E  ^|
E  ^￿
?3￿ T sJo  'f c?   +:,
Qrwh wkdw -f ' T
?3￿

|’￿
E  ^| dqg -?3￿ ' T dqg wkdw e| Ohppd 8 lq
Dsshqgl{ 2/ -￿ 	- ￿n￿ Doo upv zloo kdyh -f dv wkh orzhu erxqg iru wkh
48vxssruw ri wkhlu glvwulexwlrqv1 Dv wkh sulfh txdolw| udwlr ulvhv/ upv gurs rxw
vxffhvvlyho| rq wkh edvlv ri wkhlu txdolw|1 Doo upv frpshwh lq wkh lqwhuydo
d-fc- ￿o/ wkhq Ilup  gursv rxw dqg wkh uhpdlqlqj upv frpshwh ryhu wkh
lqwhuydo d-￿c- 2o Pruh jhqhudoo|/ Ilup  pl{hv ryhu wkh udqjh d-fc- ￿o Rqo|
wkh wzr kljkhvw txdolw| upv frpshwh lq wkh uhjlrq d-?32cTo Wklv lv ghslfwhg
lq Iljxuh H Qrwh wkdw
￿W
M
^M lq wkh wzr0up sureohp lv d vshfldo fdvh ri -f1
Wkh kljkhvw txdolw| up lv lqglhuhqw ehwzhhq ehlqj ylvlwhg uvw zkhq lw
fkrrvhv -f dqg ehlqj ylvlwhg odvw zkhq lw fkrrvhv T Lq hlwkhu fdvh lw uhfhlyhv
T^ ?
?3￿

|’￿
E  ^|c zklfk ghqhv ^?-f Qrwh wkdw wklv dovr vxjjhvwv wkdw wkh
htxloleulxp surwv ri Ilup  zloo eh ^￿-fc wkrvh lw jhwv zkhq sulflqj dw wkh
orzhu erxqg ri lwv glvwulexwlrq dqg doo frqvxphuv ylvlw lw uvw1
Zh pxvw ghqh wkhvh glvwulexwlrq ixqfwlrqv iru hdfk Ilup  Iru Ilup /
8￿E'iru sulfh txdolw| udwlrv deryh -￿ Lq wkh uhjlrq ehwzhhq -￿3￿dqg
-￿ zlwk :/
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Wklv ghqhv wkh glvwulexwlrq ixqfwlrq xvhg e| Ilup  lq wkh lqwhuydo d-￿3￿c- ￿o
zkhuh upv  wkurxjk ? duh frpshwlqj/ dqg upv c2c  kdyh gursshg
rxw1
Qrwh wkdw iurp htxdwlrq +;,/ wkh fxpxodwlyh glvwulexwlrq ixqfwlrq ri d
kljkhu txdolw| up olhv zhdno| ehorz wkdw ri d up zlwk d orzhu txdolw|/ dqg
wkdw wkh lqhtxdolw| lv vwulfw lq wkh uhjlrq zkhuh dw ohdvw rqh ri wkh wzr upv lv
dfwlyh1 Lq rwkhu zrugv/ 8￿E iru Ilup  zklfk lv dfwlyh lq d sduwlfxodu lqwhuydo
olhv deryh wkdw iru dq| up zlwk d kljkhu lqgh{158 Wklv lv dovr ghslfwhg lq
Iljxuh H
Dovr/ qrwh wkdw wkh orzhu erxqg iru doo upv lv frpprq dw -f +vhh Ohppd
9l qD s s h q g l {2, dqg wkdw 8￿E lv d frqwlqxrxv ixqfwlrq/59 h{fhsw iru 8?E
zklfk kdv d pdvv srlqw dw T +vhh Ohppd : lq Dsshqgl{ 2,
Sursrvlwlrq : Ohw wkhuh eh ? upv/ hdfk surgxflqj d txdolw| ^￿c zkhuh f'
^f  ^￿  ^2    ^? Wkhq/ d pl{hg vwudwhj| htxloleulxp lv jlyhq e| hdfk
58Khqfh wkh srlqw zkhuh lw klwv xqlw| olhv ehorz wkdw ri d up zlwk d kljkhu lqgh{1
59Wkrxjk Im qhhg qrw eh glhuhqwldeoh dw wkh srlqw zkhuh dq| up gursv rxw/ wkdw lv
lw fdq kdyh d nlqn dw Ul iru l?m =
49up pl{lqj dffruglqj wr wkh fxpxodwlyh glvwulexwlrq ixqfwlrq/ 8￿E
R
^ zkhuh=
8￿E

^
'
;
A A ?
A A =
￿3
k
Td
￿
^ o
3￿?3￿
￿
|’￿
E￿3^|￿
l ￿
?3￿
^￿ iru ￿
^ " d-￿3￿c- ￿o dqg   
 iru ￿
^ :- ￿ 1
Hdfk up pdnhv htxloleulxp surwv ri Z.
￿ zkhuh=
Z
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Wkh surri frqvlvwv ri fkhfnlqj wkdw 8￿E￿
^  lv d glvwulexwlrq ixqfwlrq dqg
wkdw Ilup  rewdlqv Z.
￿ dv surwv lq wkh vxssruw ri lwv glvwulexwlrq zkloh
surwv hovhzkhuh duh qr kljkhu wkdq Z.
￿  Wklv lv grqh lq Dsshqgl{ 2
8 Txdolw| Fkrlfhv dqg Iuhh Hqwu|
Lq wklv vhfwlrq zh orrn dw zkdw nlqgv ri htxloleuld frxog rffxu zkhq upv
fkrrvh zkhwkhu wr hqwhu dqg wkhq fkrrvh txdolw|1 Iluvw/ zh orrn dw wkh txdolw|
fkrlfhv ri d jlyhq qxpehu ri upv dqg wkhq surfhhg wr wkh hqwu| ghflvlrq/
zklfk rffxuv dw wkh suhylrxv vwdjh1 Wkh qhw h{shfwhg surwv ri d up zlwk
txdolw| ^￿ duh jlyhq e|/
￿ E^￿c^ 3￿'T^ ￿
?3￿

|’￿
E  ^|   E^￿ +<,
Lw lv frqyhqlhqw wr ghqh ~￿ '
?3￿

|’￿
|￿’￿
E  ^|dqg uhzulwh +<, lq dv/
￿ E^￿c^ 3￿'T E  ^￿^￿~￿   E^￿ iru  9' ?
Qrwlfh wkdw ~￿ grhv qrw ghshqg rq ^￿/w k d w~￿ 	~ ￿n￿/ ehfdxvh E  ^￿n￿ 	
E  ^￿/ dqg wkdw wkh uvw whup ri Ilup ?￿r surw ixqfwlrq glhuv lpsruwdqwo|
iurp rwkhu upv*1 Wkh uvw whup ri Ilup ?￿r surw ixqfwlrq lv olqhdu lq lwv
rzq txdolw| fkrlfh zkhuhdv/ wkh uvw whupv ri wkh uhpdlqlqj upv* surw
ixqfwlrqv duh txdgudwlf lq wkhlu rzq txdolw| fkrlfhv1
Lq htxloleulxp/ doo exw Ilup ? fkrrvh txdolwlhv wr pd{lpl}h surwv df0
fruglqj wr wkh uvw rughu frqglwlrqv/
E  2^
W
￿T~ ￿  
￿ E^
W
￿'f +43,
4:zkloh Ilup ?￿r rswlpl}dwlrq ghshqgv rq wkh qdwxuh ri wkh frvw ri txdolw|1
Li frvwv ri txdolw| duh frqyh{ Ilup ? fkrrvhv ^W
? wr vdwlvi|/
T
?3￿

|’￿
E  ^|  
￿ E^
W
?'f  +44,
Li frvwv ri txdolw| duh frqfdyh/ surwv duh pd{lpl}hg dw d fruqhu1 Dvvxplqj
wkdw wkh pd{lpl}hg ydoxh ri surwv lv srvlwlyh/ wkhq/
^
W
? '  +45,
Lw lv hdv| wr vhh iurp wkh deryh wkdw wkhuh frxog eh dw ohdvw wzr nlqgv ri
htxloleuld1 Lq wkh uvw doprvw v|pphwulf fdvh/ doo exw wkh kljkhvw txdolw|
up fkrrvh wkh vdph txdolw|1 Lq wkh vhfrqg/ dv|pphwulf fdvh/ doo upv
fkrrvh glhuhqw txdolwlhv1 Zkloh lw lv hdv| wr frqvwuxfw doprvw v|pphwulf
htxloleuld/ dv|pphwulf htxloleuld uhtxluh yhu| vshfldo frvw vwuxfwxuhv1 Lq Ds0
shqgl{ c zh zrun rxw h{dpsoh zlwk E^'^2 dqg vkrzq zk| wkh frqglwlrqv
iru wkh h{lvwhqfh ri dq dv|pphwulf htxloleulxp lq txdolw| duh txlwh uhvwulfwlyh1
Iru wklv uhdvrq zh kdyh irfxvhg rq wkh doprvw v|pphwulf htxloleulxp ehorz1
814 Wkh Doprvw V|pphwulf Fdvh
Frqvlghu dq doprvw v|pphwulf htxloleulxp zkhuh doo exw Ilup ? fkrrvh wkh
vdph txdolw|1 Zh fdq wkhq gurs wkh vxevfulsw  iurp wkh ^W
￿lq +43, dqg uhzulwh
lw dv/
T E  2^
WE ^
W
?32 ' 
￿ E^
W +46,
Li frvwv ri txdolw| duh frqyh{/ +44, fdq eh uhzulwwhq dv/
T E  ^
W
?3￿  
￿ E^
W
?'f  +47,
Qrwh wkdw surwv ri Ilup ? djdlq h{fhhg wkrvh ri wkh rwkhu upv5:1 Iuhh
hqwu| wkxv lpsolhv }hur surwv iru doo exw wkh kljkhvw txdolw| up lq wklv
doprvw v|pphwulf htxloleulxp vr wkdw/
T^
W E  ^
W
?3￿   E^
W'f  +48,
Khqfh/ wkh wkuhh htxdwlrqv/ +46,/ +47, ru +45,/ dqg +48, fkdudfwhul}h wkh iuhh
hqwu| htxloleulxp ri wkh doprvw v|pphwulf irup1
5:Wklv iroorzv iurp wkh ghqlwlrq ri surwv lq +<, dqg wkh revhuydwlrq wkdw t￿
q h{fhhgv
t￿ vlqfh wkh| duh ghqhg uhvshfwlyho| e| +46, dqg +47, deryh dqg dv
+4￿5t￿,
+4￿t￿, ? 41
4;Uhzulwlqj +46,/ +47, dqg +48, jlyhv/
T E  ^
W
?3￿ ' 
￿ E^
W
E  ^W
E  2^W
+49,
T E  ^
W
?3￿ ' 
￿ E^
W
? +4:,
T E  ^
W
?W3￿ '
 E^W
^W  +4;,
Wkh uvw ri wkhvh wkuhh htxdwlrqv ghqhv wkh txdolw| fkrlfh iru wkh orzhu
txdolw| upv/ ^W/ wkh vhfrqg wkdw ri wkh kljk txdolw| up/ ^W
?c zkloh wkh odvw
ghwhuplqhv wkh qxpehu ri upv/ ?W1 Iljxuh b ghslfwv wkhvh fxuyhv dv ixqfwlrqv
ri ^ zkhq frvw ri txdolw| duh frqyh{1
Qrwh wkdw T E  ^
?3￿ jlyhv d grzqzdug vorslqj fxuyh zklfk vwduwv dw
T rq wkh yhuwlfdo d{lv dqg uhdfkhv }hur dw ^ '  Wkh fxuyh ￿ E^ vwduwv dw
}hur dqg lv lqfuhdvlqj lq ^ zkloh ￿ E^
E￿3^￿
E￿32^￿ vwduwv dw wkh vdph srlqw dv ￿E
exw olhv deryh lw dqg dv|pswrwhv wr lqqlw| dw ^ ' *21 Iru d jlyhq ?c ^WE?
lv jlyhq e| wkh lqwhuvhfwlrq ri T E  ^
?3￿ dqg ￿ E^
E￿3^￿
E￿32^￿c zkloh ^W
?E? lv
jlyhq e| prylqj krul}rqwdoo| ryhu wr ￿ E Dw ^WE? hdfk up hduqv uhyhqxhv
ri E  ^WE?
?3￿ ^WE?T / wkh duhd ri wkh uhohydqw uhfwdqjoh lq Iljxuh bc dqg
lqfxuv {hg frvwv ri  E^WE?czklfk lv wkh duhd xqghu ￿E xs wloo ^WE? Dv
lv hylghqw wklv lv srvlwlyh1 Dv ? ulvhv/ T E  ^W
?3￿ erzv lq wr wkh ruljlq vr
wkdw erwk ^WE? dqg ^W
?E? idoo1 Krzhyhu/ dv surwv uhpdlq srvlwlyh iru doo ?c
wkhuh duh dq lqqlwh qxpehu ri upv lq wkh iuhh hqwu| htxloleulxp1
Wkh fduhixo uhdghu pljkw dvn zkdw hqvxuhv wkdw wkhuh lv qr hqwu| dw wkh
xsshu hqg ri wkh txdolw| vshfwuxp1 Li wklv glg rffxu wkh hqwhulqj up frxog
orrn iruzdug wr jhwwlqj
E  ^
WE?
?3￿E  ^
W
?E?T^ ?n￿  E^?n￿
dqg wkh glvwulexwlrq iru doo upv zloo ehjlq dw d orzhu srlqw qdpho| dw E 
^WE??3￿E  ^W
?E? Exw uhfdoo wkdw E  ^WE??3￿T '
￿E^W
?￿
^W
?  Vlqfh
E  ^
WE?
?3￿E  ^
W
?E?T	 E  ^
WE?
?3￿T '
E^W
?
^W
?
	
E^?n￿
^?n￿
Ilup ? npxvw eh pdnlqj orvvhv$ Wklv suryhv wkdw wkhuh fdq eh qr hqwu|
iurp wkh wrs li hqwu| iurp wkh erwwrp lv xqsurwdeoh1
Li frvwv duh frqfdyh/ wkhq wkh fxuyh ￿ E^ vwduwv dw d srvlwlyh ydoxh dqg
lv ghfuhdvlqj lq ^ dv ghslfwhg lq Iljxuh f Djdlq/ wkh fxuyh ￿ E^
E￿3^￿
E￿32^￿
4<vwduwv dw wkh vdph srlqw dv ￿E^ exw olhv deryh lw dqg dv|pswrwhv wr lqqlw|
dw ^ ' *21 Wkxv lw fdqqrw eh prqrwrqlf lq ^ dqg lv ghslfwhg dv kdylqj
d vlqjoh wxuqlqj srlqw1 Iru d jlyhq ?c ^WE? lv jlyhq e| wkh lqwhuvhfwlrq
ri E  ^
?3￿ T dqg ￿ E^
E￿3^￿
E￿32^￿c zkloh ^W
?E?'  Dw ^WE? hdfk up hduqv
uhyhqxhv ri E  ^WE?
?3￿ ^WE?T dqg lqfxuv {hg frvwv ri  E^WE? Hqwu|
fdxvhv E  ^W
?3￿ T wr erz wrzdug wkh ruljlq dqg zloo frqwlqxh xqwlo qhw
surwv duh gulyhq wr }hur/ zkhq E  ^WE?
?3￿ T '
￿E^WE?￿￿
^WE?￿  Dv looxvwudwhg e|
srlqw D/ ?W vdwlvhv wkhvh frqglwlrqv iru d iuhh hqwu| htxloleulxp1 Qrwh wkdw
Ilup ?￿r uhyhqxhv h{fhhg lwv {hg frvwv vlqfh E  ^W
?W3￿ T^ :
￿E^￿
^ zkhq
^ ' c dv ghslfwhg lq Iljxuh f
815 Wkh Dv|pphwulf Fdvh
Wkhuh uhpdlqv wkh srvvlelolw| ri dv|pphwulf htxloleuld zkhuh doo upv fkrrvh
glhuhqw txdolwlhv1 Li frvwv ri txdolw| duh frqfdyh/ Ilup ? fkrrvhv d txdolw|
ri xqlw| dv lq wkh doprvw v|pphwulf fdvh1 Iru wklv wr eh dq htxloleulxp lw
pxvw vdwlvi| doo ri wkh ?   uvw rughu frqglwlrqv lpsolhg e| +43, dqg Ilup
?￿r uvw rughu frqglwlrq iurp +44,1 Wklv lv rqo| srvvleoh jlyhq d yhu| vshfldo
frvw ri txdolw| ixqfwlrq1
Djdlq/ iuhh hqwu| zrxog ghqh wkh htxloleulxp qxpehu ri upv1 Dv wkh
htxloleulxp surwv ri upv duh lqfuhdvlqj lq txdolw|/ wkh surwv ri wkh up
zlwk wkh orzhvw txdolw| zrxog kdyh wr eh }hur1 Krzhyhu/ li pdujlqdo frvwv ri
txdolw| dw }hur duh }hur/ wkhq upv zrxog nhhs rq hqwhulqj dv surwv zrxog
eh erxqghg dzd| iurp }hur1 Khqfh/ dv ehiruh/ li frvwv ri txdolw| duh frqyh{/
dq lqqlwh qxpehu ri upv hqwhu xqghu iuhh hqwu|1 Li frvwv ri txdolw| duh
frqfdyh/ wkhq iuhh hqwu| uhtxluhv rqo| wkdw wkh orzhvw txdolw| up pdnh }hur
surwv ru/
^￿T
?3￿

|’￿
E  ^|   E^￿'f  +4<,
Vxfk htxloleuld qhhg qrw h{lvw dv wkh htxdwlrqv ghqlqj wkhp/ EfE dqg
Eb duh kljko| qrq olqhdu1 Dq h{dpsoh zlwk frqyh{ frvwv/ E^'^2 lv
zrunhg rxw lq Dsshqgl{  zkhuh wklv lv looxvwudwhg1
9 Zhoiduh
Lq wklv vhfwlrq zh dvn zkhwkhu wkh txdolwlhv fkrvhq e| upv duh vrfldoo|
rswlpdo1 Dv xvxdo/ vrfldo zhoiduh htxdov wkh vxp ri frqvxphu dqg surgxfhu
53vxusoxv dv zh dvvxph wkhuh lv d qxphudluh jrrg dqg doo surwv duh uhwxuqhg wr
frqvxphuv lq d oxps vxp1 Vlqfh sulfhv sdlg hqwhu qhjdwlyho| lqwr frqvxphu
vxusoxv/ exw srvlwlyho| lqwr surgxfhu vxusoxv/ wkh| fdqfho rxw lq wkh vrfldo
zhoiduh fdofxodwlrqv1 Uhfdoo wkdw dv ghpdqg lv frpsohwho| lqhodvwlf/ wkhuh
lv qr glvwruwlrq fdxvhg e| wkh h{lvwhqfh ri pdunhw srzhu/ iru jlyhq txdolw|
ohyhov1 Li sulfhv duh kljk/ upv jhw d juhdwhu vkduh ri wkh vrfldo vxusoxv wkdq
li sulfhv duh orz/ exw wkh vxp ri frqvxphu dqg surgxfhu vxusoxv lv frqvwdqw1
Krzhyhu/ wkh ohyho ri wkh vrfldo vxusoxv lwvhoi frxog eh vxe0rswlpdo li wkh
txdolw| fkrlfhv ri wkh upv glhu iurp wkrvh d vrfldo sodqqhu zrxog pdnh1
Wkh vlpsohvw zd| wr fdofxodwh zhoiduh lv wr qrwh wkdw dv frqvxphuv zkr
duh qrw vdwlvhg e| wkhlu sxufkdvhv iurp rqh up dozd|v fkrrvh wr ylvlw
dqrwkhu/ zhoiduh lv mxvw T wlphv wkh suredelolw| wkdw frqvxphuv duh vdwlvhg
e| vrph up/ ohvv wkh {hg frvw ri wkh txdolw| fkrvhq1 Wklv suredelolw| fdq
eh h{suhvvhg dv xqlw|/ ohvv wkh suredelolw| wkdw frqvxphuv duh qrw vdwlvhg
e| hlwkhu up/ vr wkdw zhoiduh lv/
` 'E   E  ^uE  ^MT  E^u  E^M
'd ^M n ^u  ^M^uoT  E^u  E^M
zkhq wkhuh duh wzr upv1 Pruh jhqhudoo| zlwk ? upv/
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Wklv lv d sduwlfxoduo| vlpsoh v|pphwulf irup1 Frqvlghu wkh wzr up fdvh1
Dv ghpdqg lv frpsohwho| lqhodvwlf/ wkhuh lv qr prqrsro| glvwruwlrq dqg qr
ghdg zhljkw orvv ri sulflqj deryh pdujlqdo frvwv1 Krzhyhu/ li txdolw| lv qrw
shuihfw/ ^￿ 9' c wkhq wkh xwlolw| ri T lv qrw rewdlqhg e| ylvlwlqj Ilup /e x w
lqvwhdg ^￿T lv rewdlqhg1 Li wkh uvw wu| idlov/ d vhfrqg fkdqfh wr jhw T fdq
eh rewdlqhg e| ylvlwlqj wkh rwkhu up dqg wklv jlyhv xwlolw| E  ^￿^3￿T
Krzhyhu/ hdfk fkdqfh dw jhwwlqj T f r p h vd wdf r v wr iE^ vr wkdw lw pd| eh
vrfldoo| rswlpdo wr vhwwoh iru rqo| rqh wu| udwkhu wkdq wzr1 Li frvwv ri txdolw|
duh frqyh{/ lw lv h{shqvlyh wr kdyh kljk txdolw| vr wkdw lw lv ehvw wr rsw iru
wzr fkdqfhv dw T dqg fkrrvh htxdo ohyhov ri ^ +gxh wr wkh v|pphwu| ri wkh
wzr upv, dqg d srvlwlyh suredelolw| ri qrw jhwwlqj T Li frvwv ri txdolw| duh
frqfdyh/ lw lv qrw h{shqvlyh wr kdyh shuihfw txdolw| vr wkdw lw lv ehvw wr eh
vxuh wr jhw T rq wkh uvw wu|1 Lq wklv fdvh wkh vhfrqg fkdqfh lv zruwkohvv1
Wklv lv zkdw zh vkrz pruh irupdoo| ehorz1
54Lw lv xvhixo wr orrn dw wkh svhxgr ehvw uhvsrqvhv ri wkh vrfldo sodqqhu1 Lq
wkh wzr up fdvh/ wkhvh duh ghqhg dv wkh fkrlfh ri ^M +ru dowhuqdwlyho|/ ^u,
zklfk pd{lpl}h vrfldo zhoiduh iru d jlyhq ohyho ri ^u +ru dowhuqdwlyho| ^M,
Wklv lv suhihudeoh wr uho|lqj rq uvw rughu frqglwlrqv dorqh vlqfh zhoiduh lv
frqyh{ lq txdolw| zkhq frvwv ri txdolw| duh frqfdyh vr wkdw wkh pd{lpxp
rffxuv dw d fruqhu1 Wkxv/ zlwk frqfdyh frvwv ri txdolw|/ zhoiduh lv pd{lpl}hg
dw ^M 'li T E  ^u  E  f dqg dw ^M 'fli T E  ^u  E  f
Khqfh ^M 'iru ^u forvh wr }hur dqg ^M 'firu ^u forvh wr xqlw| zlwk
d vzlwfk dw T E  ^u'E Wkxv/ wkh lqwhuvhfwlrq ri wkh svhxgr ehvw
uhvsrqvhv rffxuv dw wkh srlqwv Efc dqg Ecf Lw lv rswlpdo wr kdyh rqo|
rqh up lq wkh pdunhw surgxflqj shuihfw txdolw|1 Wklv pdnhv vhqvh dv wklv
srolf| jlyhv d xwlolw| ri T dw plqlpxp frvw1 Vlploduo|/ zlwk ? upv/ zhoiduh
lv pd{lpl}hg dw ^￿ 'li T
?

￿’￿c￿ ￿’￿
E  ^￿  E  f dqg dw ^￿ 'fli
T
?

￿’￿c￿ ￿’￿
E  ^￿  E  f1 Djdlq/ lw lv rswlpdo wr kdyh rqo| rqh up
surgxflqj shuihfw txdolw|1
Zlwk wzr upv dqg frqyh{ frvwv ri txdolw|/ lw lv rswlpdo wr doorz d vhfrqg
up vr wkdw frqvxphuv jhw d vhfrqg fkdqfh wr jhw T Lq wklv zd| wrwdo xwlolw|/
zkloh vkruw ri T / lv dv kljk dv srvvleoh1 Pruh irupdoo|/ frqvlghu wkh svhxgr
ehvw uhvsrqvhv1 Dv zhoiduh lv frqfdyh lq txdolw| wkhvh svhxgr ehvw uhvsrqvhv
lq wkh wzr0up fdvh duh ghqhg e| wkh uvw rughu frqglwlrqv=
Y`
Y^￿
'E  ^3￿T  
￿E^￿'f +53,
Lw lv hdv| wr vhh wkdw wklv orrnv olnh wkh uvw rughu frqglwlrq iru Ilup M zklfk
ghqhg ^ME^u hduolhu1 Wkh v|pphwu| ri wkh uvw rughu frqglwlrqv uhtxluhv
wkdw wkh vrfldoo| rswlpdo srolf| lv wr fkrrvh wkh vdph txdolw| ohyho iru erwk
upv1 Vlploduo|/ zlwk ? upv/ zhoiduh lv pd{lpl}hg dw
?

￿’￿c￿ ￿’￿
E  ^￿T  
￿E^￿'f
dqg lw lv rswlpdo wr kdyh doo upv surgxflqj wkh vdph txdolw|1
Sursrvlwlrq ; Li frvwv ri txdolw| duh frqfdyh lw lv rswlpdo wr kdyh rqo| rqh
up surgxflqj shuihfw txdolw|1 Li frvwv ri txdolw| duh frqyh{ lw lv rswlpdo wr
kdyh doo upv surgxflqj wkh vdph txdolw|1
55Lw lv dovr zruwk frpsdulqj wkh fkrlfhv ri d prqrsrolvw zlwk wkh vrfldoo|
rswlpdo rqhv zkhq wkhuh duh wzr upv1 D prqrsrolvw zloo dozd|v fkdujh d
sulfh ri T^dv wklv lv wkh frpprq uhvhuydwlrq sulfh1 Khqfh kh zloo fkrrvh ^ wr
pd{lpl}h T^E^ Zlwk frqfdyh frvwv ri txdolw| d prqrsrolvw vhwv ^ ' c
wkh vrfldoo| rswlpdo ohyho/ dvvxplqj wkdw lw lv rswlpdo wr surgxfh dw doo1 Li
frvwv ri txdolw| duh frqyh{/ d txdolw| ohyho ri ^6c zklfk vdwlvhv T ' ￿E^6c
lv fkrvhq e| wkh prqrsrolvw1 Frpsdulqj wklv zlwk wkh fkrlfhv xqghu gxrsro|
vkrzv wkh iroorzlqj1
Sursrvlwlrq < Zlwk frqfdyh frvwv ri txdolw| d prqrsrolvw fkrrvhv wkh vr0
fldoo| rswlpdo ohyho ri txdolw|1 Li frvwv ri txdolw| duh frqyh{/ kh fkrrvhv d
txdolw| ohyho zklfk h{fhhgv wkdw fkrvhq e| wkh kljk txdolw| up lq wkh gxrsro|/
dv zhoo dv wkh vrfldoo| rswlpdo ohyho1 Li wkh prqrsrolvw lv doorzhg wr frqwuro
pruh wkdq rqh up/ wkhq wkh vrfldoo| rswlpdo txdolw| lv fkrvhq1
Wklv vkrxog qrw eh vxusulvlqj dv wkh prqrsrolvw kdv pruh vdohv wkdq wkh
kljk txdolw| up lq d gxrsro| ryhu zklfk kh fdq vsuhdg klv {hg frvwv1 Dv
phqwlrqhg hduolhu/ wkhuh lv qr prqrsro| glvwruwlrq lq wklv prgho1 Kdylqj d
prqrsro| glvwruwlrq zrxog whqg wr uhgxfh wkh txdolw| fkrlfh ri wkh prqrs0
rolvw dv kh zloo surgxfh ohvv wkdq wkh rswlpdo rxwsxw vr wkdw wkhuh zloo eh
ihzhu xqlwv wr vsuhdg wkh frvwv ri txdolw| ryhu1 Dovr/ qrwh wkdw kdylqj wzr
upv udwkhu wkdq rqh dovr vkliwv vxusoxv iurp wkh vhoohuv wr wkh ex|huv hyhq
li lw grhv qrw dhfw wrwdo vxusoxv iru jlyhq txdolwlhv1 Li wklv lv ghvludeoh/ wkdw
lv wkh zhljkw rq frqvxphu vxusoxv h{fhhgv wkdw rq surwv/ wkhq hqwu|/ hyhq
li wkh prqrsrolvw surylghv shuihfw txdolw|/ pd| eh ghvludeoh1
: Doorzlqj iru Surgxfwlrq Frvwv
Zkloh zh kdyh dvvxphg }hur surgxfwlrq frvwv iru vlpsolflw| vr idu/ rxu uhvxowv
gr qrw ghshqg rq wklv dvvxpswlrq1 Zh frqvlghu wkh prvw edvlf h{whqvlrq
zkhuh wkh frqvwdqw pdujlqdo frvwv ri surgxfwlrq ulvh olqhduo| zlwk txdolw|1
Wkdw lv/ S￿ ' 6^￿ zkhuh 6^￿ lv wkh frqvwdqw pdujlqdo frvw ri d xqlw ri txdolw|
^￿ dqg zh dvvxph T: 6  Wkh frqvxphu*v ghflvlrq lv xqdhfwhg e| wkh
lqwurgxfwlrq ri surgxfwlrq frvwv1 Krzhyhu/ zkhuh Ilup  rqfh hduqhg ￿
iurp hyhu| frqvxphu zkr ylvlwhg/ lw qrz hduqv ￿  6^￿ Wkh htxloleulxp
surwv ri wkh kljkhvw txdolw| up duh htxdo wr lwv surwv zkhq lw fkrrvhv d
56sulfh txdolw| udwlr ri T /v rw k d w /
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E  ^￿ET  6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Iru wkhvh wr htxdo lwv surwv dw -fc
E-f  6'
?3￿

￿’￿
E  ^￿ET  6
Lq wxuq/ wklv jlyhv wkh surwv ri wkh rwkhu upv wr eh wkhlu surwv dw -f zkhq
wkh| duh ylvlwhg uvw ru/
Z
.
￿ 'E -f  6^￿ '
?3￿

￿’￿
E  ^￿ET  6^￿
iru  ' c?  1
Lw lv hdv| wr yhuli| wkdw dssursuldwho| uhsodflqj ￿
^ zlwk
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^  6

dqg T
e| ET  6 lq wkh htxloleulxp glvwulexwlrq ixqfwlrqv ghulyhg hduolhu |lhogv
wkh htxloleulxp vwudwhjlhv lq wkh suhvhqfh ri surgxfwlrq frvwv1 Iru h{dpsoh/
zlwk wzr upv/ wkh htxloleulxp glvwulexwlrq lv jlyhq e|
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Dsso|lqj wkh vdph surw pd{lpl}dwlrq surfhgxuh xvhg deryh zh fdq dq0
do|}h wkh hhfwv rq txdolw| fkrlfhv1 Wkh dgglwlrq ri pdujlqdo frvw ri surgxf0
wlrq uhgxfhv wkh pdujlqdo ehqhw ri txdolw|1 Dffrxqwlqj iru qrq }hur pdujlqdo
frvwv fdxvhv orz txdolw| upv wr uhgxfh wkhlu rswlpdo txdolw| fkrlfhv1 Wkh uh0
vxowlqj fkdqjhv lq wkh kljk txdolw| up*v fkrlfhv ri txdolw| ghshqgv fulwlfdoo|
rq wkh qdwxuh ri wkh frvw ri txdolw| ixqfwlrq1 Zlwk frqfdyh frvw ri txdolw|/
wkh kljk txdolw| surgxfhu frqwlqxhv wr fkrrvh shuihfw txdolw| uhjdugohvv ri
pdujlqdo frvw ri surgxfwlrq dv orqj dv
?3￿

￿’￿
E  ^￿ET  6 : E Zlwk
frqyh{ frvw ri txdolw|/ wkh kljk txdolw| surgxfhu mrlqv wkh uhpdlqlqj upv lq
uhgxflqj lwv txdolw| fkrlfh1
57; Frqfoxvlrq
Lq wklv sdshu zh ghyhors d qhz prgho ri txdolw| zkhuh txdolw| lv lqwhusuhwhg
dv wkh suredelolw| ri ehlqj vdwlvhg1 Zh devwudfw iurp qrwlrqv ri dv|pphwulf
lqirupdwlrq/ surgxfw ghihfwv/ dqg eudqg or|dow|1 Wklv ohdgv wr lqwhuhvwlqj wkh0
ruhwlfdo uhvxowv zklfk h{sodlq frpprq eholhiv uhjduglqj txdolw| frpshwlwlrq/
sulfhv dqg surwv dqg wkhlu uhodwlrq wr txdolw|/ dv zhoo dv pdunhw vwuxfwxuh
dqg lwv uhodwlrq wr wkh qdwxuh ri {hg frvwv1 Lw khosv h{sodlq d qxpehu ri
idfwv lq wkh uhdo zruog wkdw duh kdug wr h{sodlq xvlqj rwkhu prghov ri txdolw|1
Wkh prgho suhvhqwhg deryh kdv d qxpehu ri lqwhuhvwlqj ihdwxuhv1 Iluvw/ zh
qg wkdw kljk txdolw| upv pdnh juhdwhu surwv lq htxloleulxp wkdq gr orz
txdolw| upv1 Wklv frqupv vrph ri wkh lghdv lq wkh h{whqvlyh Pdqdjhphqw
Vflhqfh olwhudwxuh rq wkh lpsruwdqfh ri txdolw| dv d vwudwhjlf yduldeoh dqg
lwv olqn zlwk surwdelolw|1 Vhfrqg/ rxu htxloleulxp uhtxluhv pl{hg vwudwhjlhv
lq sulfh1 Zh lqwhusuhw wkhvh dv d srolf| ri vdohv1 Lq wklv frqwh{w/ rxu prgho
vxjjhvwv wkdw orzhu txdolw| surgxfwv jr rq vdoh pruh riwhq wkdq kljkhu txdolw|
rqhv1 Dovr/ zkloh rqh pljkw vrphwlphv qg d kljk txdolw| surgxfw iru d
orz sulfh/ rqh zloo qrw qg d orz txdolw| jrrg dw d kljk sulfh$ Wklug/ rxu
prgho vxjjhvwv wkdw xqghu fhuwdlq frqglwlrqv/ frqyh{ frvwv ri txdolw| uhvxow
lq dq lqqlwh qxpehu ri upv hqwhulqj dqg doo upv surwv jrlqj wr }hur1
Krzhyhu/ li frvwv duh frqfdyh/ d qlwh qxpehu ri upv hqwhu/ uhvxowlqj lq
d qdwxudo roljrsro| zkhuh wkh kljkhvw txdolw| up pdnhv srvlwlyh surwv1
Ilqdoo|/ dowkrxjk doo upv duh h{ dqwh lghqwlfdo/ dv duh doo frqvxphuv/ wkhuh
lv h{ srvw yduldelolw| lq txdolw| dqg sulfh dprqj upv1 Wkh prgho dovr kdv
d qxpehu ri lqwhuhvwlqj h{whqvlrqv dqg dssolfdwlrqv zklfk zh duh sxuvxlqj1
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Ohppd 4
Y￿ME^c^
u￿
Y^ :
Y￿uE^￿
Y^ 'fdw ^ ' ^u
Wklv fdq eh yhulhg e| qrwlqj wkdw wkh vorsh ri ME^c ^u hydoxdwhg dw ^
' ^ulv jlyhq e|=
E  ^uT  
￿E^u +54,
Frpsdulqj wkh vorshv ri ME^c ^u dqg uE^ dw ^ ' ^uc wkdw lv frpsdulqj
+54, zlwk +5,/ uhyhdov wkdw wkh vorsh ri wkh iruphu h{fhhgv wkdw ri wkh odwwhu
+zklfk htxdov }hur, dv ghslfwhg lq Iljxuh e
Ohppd 5 ^u 	  ^	
Uhfdoo wkdw ME^uc^ u' uE^u Ehfdxvh ME^Mc^ u lv lqfuhdvlqj lq ^Mc
zh nqrz MEc^ u : uE^u Vlqfh ME^Mc^ u lv ghfuhdvlqj lq ^u / ^u pxvw
ulvh iurp ^
u wr  ^ iru MEc  ^ ' uE ^
u Khqfh/  ^:^
u Wklv lv ghslfwhg
lq Iljxuh e Wkh ydoxh ri ME^Mc^ u dw ^u 'lv qhjdwlyh1 Dv/ uE ^u lv
srvlwlyh lw iroorzv e| frqwlqxlw| dujxphqwv wkdw  ^	
Ohppd 6 ^
u 	  ^	^ S
u   zkhuh  ^ dqg ^S
u duh ghqhg lq +8, dqg +9,
uhvshfwlyho|/
Djdlq uhfdoo wkdw ME^Mc^ u lv frqfdyh dqg lqfuhdvlqj lq ^M dv zhoo dv
e h l q jh t x d ow ruE^
u zkhq ^M ' ^
u dqg lqfuhdvlqj lq ^M dw wklv srlqw1
Wkxv/ ME^ME^uc^u : uE^u dqg ^ME^u :^ u Iurp wklv/ wkh ghqlwlrq
ri  ^ dqg wkdw ME^ME^uc^ u ghfuhdvhv lq ^u dqg lw iroorzv wkdw  ^:^ u
^S
u lv xqltxho| ghqhg dqg juhdwhu wkdq ^udv ^ME^u lv grzqzdug vorslqj
dqg olhv deryh wkh eD ghjuhh olqh dw ^u ' ^u
AIurp wkh ghqlwlrq ri ME^ME^uc^ u dqg wkh idfw wkdw wkh vzlwfkryhu
lq surwv rffxuv dorqj wkh eD ghjuhh olqh/ lwv ydoxh dw ^u ' ^S
u lv jlyhq e|=
ME^ME^
S
uc^
S
u' ME^
S
uc^
S
u
' uE^
S
u
	 uE^u
' ME^ME ^c  ^
Vlqfh ME^ME^uc^ u idoov dv ^u ulvhv/ lw iroorzv wkdw  ^	^ S
u zklfk frpsohwhv
wkh surri1
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
Z￿

￿￿
^￿

c8 ?3￿E

' ￿
?

￿￿’￿
k
  8￿

￿￿
^￿

^￿
l
ghqrwhv Ilup ￿r
h{shfwhg surwv zkhq lw fkrrvhv ￿￿
^￿ dqg frpshwhv zlwk ?   rwkhu upv1
8?3￿E ghqrwhv wkh yhfwru ri glvwulexwlrq ixqfwlrqv xvhg e| doo ? upv exw
Ilup 
Wkh surri lv e| lqgxfwlrq1 Ohw
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eh wkh h{shfwhg surw ri Ilup  zkhq lw fkrrvhv ￿￿
^￿ dqg frpshwhv zlwk ? 
2 rwkhu upv wkdw xvh pl{hg vwudwhjlhv 8?3￿3￿E  Vxssrvh wkdw Ilup ?
hqwhuv wkh pdunhw xvlqj wkh pl{hg vwudwhj| 8?

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^￿

 Ilup  zlwk hlwkhu eh
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dqg wkh odwwhu
zlwk suredelolw|/
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 Wkxv/ Ilup ￿r qhz h{shfwhg surwv/ ghqrwhg
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Wkxv/ wkh jhqhudo irup iru h{shfwhg surwv lq wkh pl{hg vwudwhj| htxloleulxp
lv jlyhq e| ￿
?
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k
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' Z.
￿ c zkhuh Z.
￿ ghqrwhv wkh htxloleulxp
ohyho ri surwv iru Ilup 1 Wkh deryh htxdwlrq krogv iru hdfk up zklfk jlyhv
xv ? htxdwlrqv1
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Ohppd : 8￿Ec dv ghqhg deryh/ lv d frqwlqxrxv ixqfwlrq h{fhsw iru 8?E
zklfk mxpsv xs dw T 1 8?ET '
^?3￿
^? vr wkdw 8?E kdv d pdvv srlqw ri 
^?3￿
^?
dw T
Wkh rqo| fdqglgdwhv iru pdvv srlqwv duh srlqwv dw zklfk vrph up gursv
rxw dv lw lv khuh wkdw wkhlu ghqlwlrq fkdqjhv1 Iluvw zh fkhfn wkdw wkhuh lv
qr pdvv srlqw lq d up*v glvwulexwlrq ixqfwlrq dw wkh srlqw zkhuh lw gursv
rxw dv orqj dv lw grhv qrw pdnh wkh kljkhvw txdolw|1 Dw -￿ wkh glvwulexwlrq
ixqfwlrq ri Ilup  frplqj iurp ehorz lv
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vr wkdw Ilup  gursv rxw dw -￿
Qrwh wkdw -￿ lv ghqhg e| 8￿E-￿'  Wkxv/ jlyhq wkdw -?3￿ ' Tc zh
fdq frqup wkdw 8?3￿ET '
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Diwhu wkh wklug kljkhvw txdolw| up kdv gursshg rxw dw -?32 wkh uhpdlq0
lqj wzr upv frpshwh mxvw dv wkh| gr lq wkh wzr up fdvh ghwdlohg deryh1
Frqvlvwhqw zlwk wkh deryh uhvxowv/ wkh kljkhvw txdolw| up kdv d pdvv srlqw
ri 
^?3￿
^? dw wkh pd{lpxp sulfh txdolw| udwlr/ T Wklv lv vhhq e| frqvlghulqj
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5;Qh{w zh vkrz wkdw wkhuh duh qr pdvv srlqwv zkhuh rwkhu upv gurs rxw
vr wkdw 8E lv frqwlqxrxv1 Wklv lv grqh e| frqvlghulqj wkh olplwv ri 8?3￿
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Sursrvlwlrq : Lq d pl{hg vwudwhj| htxloleulxp zlwk ? upv/ hdfk sur0
gxflqj d txdolw| ^￿c zkhuh f'^f  ^￿  ^2    ^?c hdfk up pdnhv surwv
ri Z.
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Wklv ghqhv wkh glvwulexwlrq ixqfwlrq iru Ilup  ryhu lwv vxssruw1
Wkh surri frqvlvwv ri fkhfnlqj wkdw Ilup  rewdlqv Z.
￿ dv surwv lq wkh
vxssruw ri lwv glvwulexwlrq dqg wkdw surwv hovhzkhuh duh qr kljkhu wkdq Z.
￿ 
Hydoxdwlqj wkh h{shfwhg surwv ri Ilup  lq wkh udqjh E-&3￿c- &o iru & 	
jlyhv wkh surwv ri Ilup  iru - 5 E-&3￿c- & wr eh
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Doo upv kdyh d frpprq orzhu erxqg iru wkh vxssruw ri wkhlu pl{hg
vwudwhjlhv ri -f1
Frqvlghu wkh uhwxuqv wr fkrrvlqj d udwlr rxwvlgh wkh vxssruw E-fcTo
Dv ehiruh fkrrvlqj deryh T |lhogv }hur surwv ehfdxvh wkh sulfh h{fhhgv wkh
63h{shfwhg ydoxh wr wkh frqvxphu1 Fkrrvlqj d udwlr ehorz -f zrxog |lhog Ilup
 d fhuwdlq surw voljkwo| ohvv wkdq ^￿-f Wklv zloo qrw eh fkrvhq ehfdxvh wkh
pl{hg vwudwhj| |lhogv ^￿-f iru Ilup 
Zkdw derxw fkrrvlqj d sulfh deryh lwv gurs rxw srlqwB Wkh h{shfwhg
surwv ri Ilup  lq wkh udqjh E-&3￿c- &o iru &     fruuhvsrqg wr wkh
surwv lq wkh uhjlrq zkhuh Ilup  kdv douhdg| gursshg rxw1 Lq wklv uhjlrq
rqo| upv zlwk dq lqgh{ juhdwhu wkdq ru htxdo wr & uhpdlq dfwlyh1 Wkxv
surwv iru Ilup  duh jlyhq e|
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iru doo | fruuhvsrqglqj wr upv zklfk duh dfwlyh lq wklv uhjlrq1 Wklv ixqfwlrq
lv ghfuhdvlqj lq - vr wkdw li zh fdq vkrz wkdw lw lv ohvv wkdq wkh surwv ri
Ilup  lq htxloleulxp iru - ' -&3￿ zh duh grqh1 Dw -&3￿
. EZ￿ E-&3￿ ' -f d  8&3￿ E-&3￿^&3￿o^￿ E  ^￿
3￿
' -f^￿ d  ^&3￿o^￿ E  ^￿
3￿
' Z
.
￿
E  ^&3￿
E  ^￿
 Z
.
￿
dv
E￿3^&3￿￿
E￿3^￿￿   vlqfh 	& 
64Dsshqgl{ 6
Lq wklv vhfwlrq zh h{soruh wkh hhfw ri iuhh hqwu| xvlqj d vlpsoh h{dpsoh
zkhuh E^'^2cT'dqg ? ' 1 Iluvw/ frqvlghu wkh doprvw v|pphwulf
htxloleulxp1 Wkh fkrlfh ri txdolw| e| wkh wzr orz txdolw| upv zkhq wkhuh
duh wkuhh upv lq wrwdo/ ^WEc lv lpsolflwo| ghqhg e| ES Khqfh
E  ^
W
E?32￿ 'E  ^
W'
2^W
  2^W +55,
Wklv jlyhv ^W E ' 2b22 Wkh txdolw| fkrlfh iru wkh kljk txdolw| up lv
jlyhq e| E. vr wkdw ^W
?E lv ghqhg e|/
E  ^
W
?3￿ 'E  ^
W
2 '2 ^
W
? +56,
Wklv htxdwlrq lv vdwlvhg zkhq ^W
?E ' feH
Li zh orrn dw wkh iuhh hqwu| fdvh/ zh qhhg wr hqvxuh wkdw qr up zlvkhv
wr hqwhu1 Jlyhq wkdw wkh kljk txdolw| up pdnhv pruh surwv wkdq wkh orz
txdolw| rqhv/ wklv srvlwlrq zloo dozd|v eh fkrvhq1 Wklv phdqv wkdw wkh orz
txdolw| upv pxvw pdnh }hur surwv zkhq ? vdwlvhv EH Khqfh/
^
WE?E ^
WE?
E?3￿￿  E^
WE?
2 'f  +57,
Vxevwlwxwlqj E  ^W
?3￿ iurp E22 lqwr E2e jlyhv/
E  ^
WE?
2^WE?
  2^WE?
' ^
WE?
Vlpsoli|lqj jlyhv/
2^
WE?'^
WE?
vr wkdw wkh rqo| vroxwlrq lv ^WE?'f 1 Wklv lv wkh h{shfwhg uhvxow vlqfh
Vhfwlrq . vkrz wkdw xqghu iuhh hqwu| ? jrhv wr lqqlw| dqg ^WE?c wkh txdolw|
fkrvhq e| doo exw wkh kljkhvw txdolw| up/ jrhv wr }hur1 Ri frxuvh/ iurp E2
lw iroorzv wkdw wkh txdolw| fkrlfh ri wkh kljk txdolw| up zloo dovr frqyhujh
wr }hur dv ? jrhv wr lqqlw|1
Qrz frqvlghu wkh dv|pphwulf htxloleulxp zkhq wkhuh duh wkuhh upv1
Fdq vxfk dq htxloleulxp h{lvwB Wkh uvw rughu frqglwlrqv iru upv / 2 dqg
 uhvshfwlyho| duh/
E  ^2'
2^￿
  2^￿
+58,
65E  ^￿'
2^2
  2^2
+59,
E  ^￿E ^2'2 ^￿ +5:,
Iljxuh  khosv ghslfw wkh frqglwlrqv iru d vroxwlrq1 Wkh fxuyhv + 'E  ^c
dqg + '
2^
￿32^ duh ghslfwhg e| wkh grzqzdug vorslqj olqh zlwk xqlw vorsh
vwduwlqj dw + ' c dqg wkh frqyh{ fxuyh dv|pswrwlf wr wkh yhuwlfdo olqh dw
^ ' *2 Wkh doprvw v|pphwulf vroxwlrq zkhuh ^￿ ' ^2 rffxuv dw ^W zkhuh
wkhvh wzr lqwhuvhfw1
Zkdw derxw wkh dv|pphwulf vroxwlrqB Ohw xv orrn dw zkdw ydoxhv ri ^￿
dqg ^2 zlwk ^￿ 	^ 2 fdq vdwlvi| wkh deryh wkuhh htxdwlrqv1 Iru ^￿ 	^ 2 wr
eh d vroxwlrq/ wkh khljkw ri + 'E  ^ pxvw htxdo wkdw ri + '
2^
￿32^ zlwk
+ 'E  ^ ehlqj wr wkh uljkw ri + '
2^
￿32^ vlqfh ^￿ 	^ 2 Wkh txdolw| fkrlfhv
^￿
￿ dqg ^￿
2 gluhfwo| ehorz srlqwv  dqg  iru h{dpsoh vdwlvi| E2D1 Fdq wkh|
dovr vdwlvi| E2Sq Wkh| fdq li
2^￿
2
￿32^￿
2 'E  ^￿
￿1 Krzhyhu/ lw lv reylrxv iurp
Iljxuh  wkdw wkh srlqwv rq + '
2^
￿32^ dqg + 'E  ^ wkdw olh gluhfwo| deryh
wkh txdolw| fkrlfhv ^￿
￿ dqg ^￿
2 gr qrw kdyh wkh vdph khljkw1 Lq hvvhqfh iru
wkhvh khljkwv wr eh wkh vdph wkhuh pxvw eh irxu srlqwv/ zklfk olh rq d shuihfw
f / rq wkh wzr fxuyhv1 Pruhryhu/ iru vxfk d vroxwlrq wr h{lvw dv ? lqfuhdvhv/
vxfk frqglwlrqv pxvw eh vdwlvhg iru hdfk ?$
66Wdeoh 
Uhwxuq rq Lqyhvwphqw dqg Qhw Surw dv d Shufhqwdjh ri Vdohv/
e| Vwudwhjlf Srvlwlrq +SLPV Gdwdedvh,
Txdolw| Uhodwlyh wr Frpshwlwruv
Orz Dyhudjh Kljk
Uhwxuq rq Lqyhvwphqw 46 4:054 63
Qhw Surw dv d Shufhqwdjh ri Vdohv 9 ;0< 47
Vrxufh= Urehuw G1 Ex}}hoo/ Surgxfw Txdolw|/ Wkh SLPV ohwwhu rq
Exvlqhvv Vwudwhj|/ Qr1 7/ 4<:;1
Wdeoh 2
Uhwxuq rq Lqyhvwphqw/ e| Vwudwhjlf Srvlwlrq
Txdolw| Uhodwlyh wr Frpshwlwruv
Orz Phglxp Kljk
Frvw Uhodwlyh Orz 441: 4715 4<1:
wr Frpshwlwruv Phglxp 91; 461< 4:1<
Kljk 617 71; 461;
Vrxufh= M1 Nd|/ Ilqdqfldo Wlphv +43 Pd| 4<<9, s1 4:1
67Uhihuhqfhv
^4` Erxfndhuw/ Mdq dqg Kdqv Ghju|vh +4<<;, Sulfh Frpshwlwlrq Ehwzhhq
dq H{shuw dqg d Qrq0H{shuw1 Wloehuj Xqlyhuvlw|/ Fhqwhu iru Hfrqrplf
Uhvhdufk/ Glvfxvvlrq Sdshu Qr1 <;7<1
^5` Ex}}hoo/ Urehuw G1 +4<:;, Surgxfw Txdolw|/ Wkh SLPV ohwwhu rq Exvl0
qhvv Vwudwhj|/ Qr1 71
^6` Ex}}hoo/ Urehuw G1 dqg Iuhgulfn G1 Zlhuvhpd +4<;4, Vxffhvvixo Vkduh0
Exloglqj Vwudwhjlhv1 Kduydug Exvlqhvv Uhylhz/ Mdqxdu|0Iheuxdu|/ ss1
46804771
^7` g*Dvsuhprqw F1/ M1 Mdvnrog Jdev}hzlf} dqg M1I1 Wklvvh +4<:<, Rq
Krwhoolqj*v cVwdelolw| lq Frpshwlwlrq* 1 Hfrqrphwulfd/ Yro1 7:/ Qr1 8/
ss1 4478044831
^8` Gduolq/ Gdprq +4<;8, Dowkrxjk X1V1 Fduv duh Lpsuryhg/ Lpsruwv Vwloo
Zlq Txdolw| Vxuyh| Zdoo Vwuhhw Mrxuqdo/ Ghfhpehu 49wk/ s1 5<1
^9` Hprqv/ Zlqdqg +4<<<, Surgxfw Glhuhqwldwlrq dqg Sulfh Frpshwlwlrq
ehwzhhq d Vdih dqg d Ulvn| Vhoohu/ Plphr/ Xqlyhuvlw| ri Ehuq1 Dq
hduolhu yhuvlrq lv FHSU Zrunlqj Sdshu Qr1 5374/ Ghfhpehu 4<<;1
^:` Nd|/ M1 +4<<9, Ilqdqfldo Wlphv/ Pd| 43wk/ s1 4:1
^;` Nulvkqd/ Ndod dqg Wru Zlqvwrq1 +4<<;,1 D Qhz Prgho ri Txdolw|/
QEHU Zrunlqj Sdshu Qr1 98;31
^<` Pdlq/ Mhuhp|1 Wkh Edwwoh iru Txdolw| Ehjlqv/ Iruwxqh/ Ghfhpehu 5</
4<;3/ s1 661
^43` Pxvvd/ P1 dqg V1 Urvhq +4<:;,1 Prqrsro| dqg Surgxfw Txdolw|/ Mrxu0
qdo ri Hfrqrplf Wkhru|/ Yro1 4;/ Qr1 5/ ss1 634064:1
^44` Shwhuv/ Wkrpdv M1 dqg Urehuw K1 Zdwhuvrq/ Mu1 +4<;5,1 Lq Vhdufk ri
H{fhoohqfh= Ohvvrqv iurp Dphulfd*v Ehvw Uxq Frpsdqlhv1 Qhz \run=
Kdushu dqg Urz1
^45` Sruwhu/ Plfkdho H1 +4<;3, Frpshwlwlyh Vwudwhjlhv= Whfkqltxhv iru Dqd0
o|}lqj Lqgxvwulhv dqg Frpsdqlhv1 Qhz \run= Wkh Iuhh Suhvv/ ss1 6:06;1
68^46` Vkdnhg/ Dyqhu dqg Mrkq Vxwwrq1 +4<;6,1 Qdwxudo Roljrsrolhv/ Hfrqr0
phwulfd/ Yro1 84/ Qr1 8/ ss1 479<047;71
^47` Vkhvklqvnl/ H|wdq1 +4<:9,1 Sulfh/ Txdolw| dqg Txdqwlw| Uhjxodwlrq lq
Prqrsro| Vlwxdwlrqv/ Hfrqrplfd/ Yro1 76/ ss1 45:046;1
^48` Vkhww|/ \1N1 dqg Yhuqrq P1 Exhkohu +Hg1, +4<;6, Txdolw| dqg Surgxf0
wlylw| Lpsuryhphqwv= X1V1 dqg Iruhljq Frpsdq| H{shulhqfhv/ Fklfdjr=
Pdqxidfwxulqj Surgxfwlylw| Fhqwhu1
^49` Vkhww|/ \1N1 dqg Yhuqrq P1 Exhkohu +Hg1, +4<;8, Surgxfwlylw| dqg
Txdolw| Wkurxjk Shrsoh> Sudfwlfhv ri Zhoo Pdqdjhg Frpsdqlhv Zhvw0
sruw Frqq> Txruxp Errnv1
^4:` Vkhww|/ \1N1 +4<;:,1 Surgxfw Txdolw| dqg Frpshwlwlyh Vwudwhj|/ Exvl0
qhvv Krul}rqv/ Pd|0Mxqh1
^4;` Vshqfh/ D1 Plfkdho/ +4<:9,1 Prqrsro|/ Txdolw| dqg Uhjxodwlrq/ Ehoo
Mrxuqdo ri Hfrqrplfv/ Dxwxpq/ ss1 74:075<1
^4<` Vwlohv/ Hgzdug P1 +4<::,1 Kdqgerrn iru Wrwdo Txdolw| Dvvxudqfh/ Hq0
johzrrg Folv/ Q1M1= Suhqwlfh Kdoo/ s161
^53` Vzdq/ Shwhu F1 +4<:3,1 Gxudelolw| ri Frqvxpswlrq Jrrgv/ Dphulfdq
Hfrqrplf Uhylhz/ Yro1 93/ Qr1 8/ ss1 ;;70;<71
^54` Wluroh/ Mhdq +4<;;,1 Wkh Wkhru| ri Lqgxvwuldo Rujdql}dwlrq/ Fkdswhu :18/
PLW Suhvv/ Fdpeulgjh/ PD1
^55` Zhlw}pdq/ Pduwlq O1 +4<:<,1 Rswlpdo vhdufk iru wkh ehvw dowhuqdwlyh1
Hfrqrphwulfd/ Yro1 7:/ Qr1 6/ ss197409871
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